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Taylorův polynom
Taylorův rozvoj v bodě 𝒜 = [𝑥଴, … , 𝑧଴] pro funkci vı́ce (reálných) proměnných (která
má spojité parciálnı́ derivace) vyjádřı́me pomocı́ totálnı́ch diferenciálů jako

𝑇௡(𝑥, … , 𝑧) = 𝑓(𝑥଴, … , 𝑧଴) +
d𝑓(𝑥଴, … , 𝑧଴)

1! + dଶ𝑓(𝑥଴, … , 𝑧଴)
2! + dଷ𝑓(𝑥଴, … , 𝑧଴)

3! + ⋯

Taylorova řada se použıv́á k polynomiálnı́ aproximaci funkcı́, protože platı́, že všechny
derivace Taylorova polynomu stupně 𝑛 majı́ ve středu rozvoje (v bodě 𝒜[𝑥଴, … , 𝑧଴])
stejné funkčnı́ hodnoty jako odpovı́dajı́cı́ derivace funkce 𝑓. Tato aproximace je na okolı́
bodu 𝒜 (středu rozvoje) tı́m přesnějšı́, čı́m vyššı́ stupeň polynomu použijeme. Zároveň
platı́, že se chyba se vzdálenostı́ od středu zvyšuje.

V přı́padě, žemá Taylorův polynom střed v počátku, pak se označuje jakoMaclaurinův
polynom.

1. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐴 = [1;−2] rozviňte doTaylorovamnohočlenu
(nultého, prvého, druhého, třetı́ho a čtvrtého stupně) funkci:

𝑓(𝑥, 𝑦) = 6𝑥𝑦ଶ − 2𝑥ଷ − 3𝑦ଷ .

𝑓(1;−2) = 6 ⋅ 1 ⋅ (−2)ଶ − 2 ⋅ 1ଷ − 3 ⋅ (−2)ଷ = 24 − 2 + 24 = 46
𝑇଴(𝐴) = 46

𝑓௫(1;−2) = 18 𝑓௫ = 6𝑦ଶ − 6𝑥ଶ
𝑓௬(1;−2) = −60 𝑓௬ = 12𝑥𝑦 − 9𝑦ଶ

d𝑓(1;−2) = 18 ⋅ (𝑥 − 1) − 60 ⋅ (𝑦 + 2)
𝑇ଵ(𝐴) = 46 + 18 ⋅ (𝑥 − 1) − 60 ⋅ (𝑦 + 2)

𝑓௫௫(1;−2) = −12 𝑓௫௫ = −12𝑥
𝑓௫௬(1;−2) = −24 𝑓௫௬ = 12𝑦
𝑓௬௫(1;−2) = −24 𝑓௬௫ = 12𝑦
𝑓௬௬(1;−2) = 48 𝑓௬௬ = 12𝑥 − 18𝑦

dଶ𝑓(1;−2) = −12 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) − 24 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2) − 24 ⋅ (𝑦 + 2) ⋅ (𝑥 − 1) +
+ 48 ⋅ (𝑦 + 2) ⋅ (𝑦 + 2) = −12 ⋅ (𝑥 − 1)ଶ − 48 ⋅ (𝑥 − 1)(𝑦 + 2) + 48 ⋅ (𝑦 + 2)ଶ

𝑇ଶ(𝐴) = 46 + 18.(𝑥 − 1) − 60.(𝑦 + 2) − 6.(𝑥 − 1)ଶ − 24.(𝑥 − 1).(𝑦 + 2) + 24.(𝑦 + 2)ଶ
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𝑓௫௫௫(1;−2) = −12 𝑓௫௫௫ = −12
𝑓௫௫௬(1;−2) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(1;−2) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(1;−2) = 12 𝑓௫௬௬ = 12
𝑓௬௫௫(1;−2) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(1;−2) = 12 𝑓௬௫௬ = 12
𝑓௬௬௫(1;−2) = 12 𝑓௬௬௫ = 12
𝑓௬௬௬(1;−2) = −18 𝑓௬௬௬ = −18

dଷ𝑓(1;−2) = −12 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 + 12 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2) ⋅ (𝑦 + 2) +
+12⋅(𝑦+2)⋅(𝑥−1)⋅(𝑦+2)+12⋅(𝑦+2)⋅(𝑦+2)⋅(𝑥−1)−18⋅(𝑦+2)⋅(𝑦+2)⋅(𝑦+2) =

= −12 ⋅ (𝑥 − 1)ଷ + 36 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2)ଶ − 18 ⋅ (𝑦 + 2)ଷ

𝑇ଷ(𝐴) = 46 + 18 ⋅ (𝑥 − 1) − 60 ⋅ (𝑦 + 2) − 6 ⋅ (𝑥 − 1)ଶ − 24 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2) +

+ 24 ⋅ (𝑦 + 2)ଶ − 2 ⋅ (𝑥 − 1)ଷ + 6 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2)ଶ − 3 ⋅ (𝑦 + 2)ଷ

𝑓௫௫௫௫ = 𝑓௫௫௫௬ = 0
𝑓௫௫௬௫ = 𝑓௫௫௬௬ = 0
𝑓௫௬௫௫ = 𝑓௫௬௫௬ = 0
𝑓௫௬௬௫ = 𝑓௫௬௬௬ = 0
𝑓௬௫௫௫ = 𝑓௬௫௫௬ = 0
𝑓௬௫௬௫ = 𝑓௬௫௬௬ = 0
𝑓௬௬௫௫ = 𝑓௬௬௫௬ = 0
𝑓௬௬௬௫ = 𝑓௬௬௬௬ = 0

dସ𝑓(1;−2) = 0

𝑇ସ(𝐴) = 46 + 18 ⋅ (𝑥 − 1) − 60 ⋅ (𝑦 + 2) − 6 ⋅ (𝑥 − 1)ଶ − 24 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2) +

+ 24 ⋅ (𝑦 + 2)ଶ − 2 ⋅ (𝑥 − 1)ଷ + 6 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2)ଶ − 3 ⋅ (𝑦 + 2)ଷ + 0 = 𝑇ଷ(𝐴)

dହ𝑓(1;−2) = 0
⋮

𝑇ଷ(𝐴) = 𝑇ସ(𝐴) = 𝑇ହ(𝐴) = 𝑇଺(𝐴) = …
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2. a) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐵 = [5; 6] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑥ଷ + 𝑦ଶ − 6𝑥𝑦 − 39𝑥 + 18𝑦 + 4

𝑓(5; 6) = 5ଷ+6ଶ−6⋅5 ⋅6−39 ⋅5+18 ⋅6+4 = 125+36−180−195+108+4 = −102

𝑓௫(5; 6) = 0 𝑓௫ = 3𝑥ଶ − 6𝑦 − 39
𝑓௬(5; 6) = 0 𝑓௬ = 2𝑦 − 6𝑥 + 18

d𝑓(5; 6) = 0 ⋅ (𝑥 − 1) + 0 ⋅ (𝑦 + 2) = 0

𝑓௫௫(5; 6) = 30 𝑓௫௫ = 6𝑥
𝑓௫௬(5; 6) = −6 𝑓௫௬ = −6
𝑓௬௫(5; 6) = −6 𝑓௬௫ = −6
𝑓௬௬(5; 6) = 2 𝑓௬௬ = 2

dଶ𝑓(5; 6) = 30 ⋅ (𝑥 − 5) ⋅ (𝑥 − 5) − 6 ⋅ (𝑥 − 5) ⋅ (𝑦 − 6) − 6 ⋅ (𝑦 − 6) ⋅ (𝑥 − 5) +
+ 2 ⋅ (𝑦 − 6) ⋅ (𝑦 − 6) = 30(𝑥 − 5)ଶ − 12(𝑥 − 5)(𝑦 − 6) + 2(𝑦 − 6)ଶ

𝑓௫௫௫(5; 6) = 6 𝑓௫௫௫ = 6
𝑓௫௫௬(5; 6) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(5; 6) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(5; 6) = 0 𝑓௫௬௬ = 0
𝑓௬௫௫(5; 6) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(5; 6) = 0 𝑓௬௫௬ = 0
𝑓௬௬௫(5; 6) = 0 𝑓௬௬௫ = 0
𝑓௬௬௬(5; 6) = 0 𝑓௬௬௬ = 0

dଷ𝑓(5; 6) = 6 ⋅ (𝑥 − 5) ⋅ (𝑥 − 5) ⋅ (𝑥 − 5) + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 6(𝑥 − 5)ଷ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(5; 6) = 0; dହ𝑓(5; 6) = 0; d଺𝑓(5; 6) = 0; d଻𝑓(5; 6) = 0; … proto

𝑇(𝐵) = 𝑓(5; 6) + d𝑓(5; 6)
1! + dଶ𝑓(5; 6)

2! + dଷ𝑓(5; 6)
3! =

= −102 + 15(𝑥 − 5)ଶ − 6(𝑥 − 5)(𝑦 − 6) + (𝑦 − 6)ଶ + (𝑥 − 5)ଷ
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2. b) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐶 = [1;−2] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑥ଷ + 𝑦ଶ − 6𝑥𝑦 − 39𝑥 + 18𝑦 + 4

𝑓(1;−2) = 1ଷ+(−2)ଶ−6⋅1⋅(−2)−39⋅1+18⋅(−2)+4 = 1+4+12−39−36+4 = −54

𝑓௫(1;−2) = −24 𝑓௫ = 3𝑥ଶ − 6𝑦 − 39
𝑓௬(1;−2) = 8 𝑓௬ = 2𝑦 − 6𝑥 + 18

d𝑓(1;−2) = −24 ⋅ (𝑥 − 1) + 8 ⋅ (𝑦 + 2)

𝑓௫௫(1;−2) = 6 𝑓௫௫ = 6𝑥
𝑓௫௬(1;−2) = −6 𝑓௫௬ = −6
𝑓௬௫(1;−2) = −6 𝑓௬௫ = −6
𝑓௬௬(1;−2) = 2 𝑓௬௬ = 2

dଶ𝑓(1;−2) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) − 6 ⋅ (𝑥 − 1) ⋅ (𝑦 + 2) − 6 ⋅ (𝑦 + 2) ⋅ (𝑥 − 1) +
+ 2 ⋅ (𝑦 + 2) ⋅ (𝑦 + 2) = 6(𝑥 − 1)ଶ − 12(𝑥 − 5)(𝑦 + 2) + 2(𝑦 + 2)ଶ

𝑓௫௫௫(1;−2) = 6 𝑓௫௫௫ = 6
𝑓௫௫௬(1;−2) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(1;−2) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(1;−2) = 0 𝑓௫௬௬ = 0
𝑓௬௫௫(1;−2) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(1;−2) = 0 𝑓௬௫௬ = 0
𝑓௬௬௫(1;−2) = 0 𝑓௬௬௫ = 0
𝑓௬௬௬(1;−2) = 0 𝑓௬௬௬ = 0

dଷ𝑓(1;−2) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 6(𝑥 − 1)ଷ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(1;−2) = 0; dହ𝑓(1;−2) = 0; d଺𝑓(1;−2) = 0; d଻𝑓(1;−2) = 0; … proto

𝑇(𝐶) = 𝑓(1;−2) + d𝑓(1;−2)
1! + dଶ𝑓(1;−2)

2! + dଷ𝑓(1;−2)
3! =

= −54 + −24(𝑥 − 1) + 8(𝑦 + 2) + 3(𝑥 − 1)ଶ − 6(𝑥 − 1)(𝑦 + 2) + (𝑦 + 2)ଶ + (𝑥 − 1)ଷ
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2. c) [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐷 = [1; 2] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑥ଷ + 𝑦ଶ − 6𝑥𝑦 − 39𝑥 + 18𝑦 + 4

𝑓(1;−2) = 1ଷ + 2ଶ − 6 ⋅ 1 ⋅ 2 − 39 ⋅ 1 + 18 ⋅ 2 + 4 = 1 + 4 − 12 − 39 + 36 + 4 = −6

𝑓௫(1; 2) = −48 𝑓௫ = 3𝑥ଶ − 6𝑦 − 39
𝑓௬(1; 2) = 16 𝑓௬ = 2𝑦 − 6𝑥 + 18

d𝑓(1; 2) = −48 ⋅ (𝑥 − 1) + 16 ⋅ (𝑦 − 2)

𝑓௫௫(1; 2) = 6 𝑓௫௫ = 6𝑥
𝑓௫௬(1; 2) = −6 𝑓௫௬ = −6
𝑓௬௫(1; 2) = −6 𝑓௬௫ = −6
𝑓௬௬(1; 2) = 2 𝑓௬௬ = 2

dଶ𝑓(1; 2) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) − 6 ⋅ (𝑥 − 1) ⋅ (𝑦 − 2) − 6 ⋅ (𝑦 − 2) ⋅ (𝑥 − 1) +
+ 2 ⋅ (𝑦 − 2) ⋅ (𝑦 + 2) = 6(𝑥 − 1)ଶ − 12(𝑥 − 5)(𝑦 − 2) + 2(𝑦 − 2)ଶ

𝑓௫௫௫(1; 2) = 6 𝑓௫௫௫ = 6
𝑓௫௫௬(1; 2) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(1; 2) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(1; 2) = 0 𝑓௫௬௬ = 0
𝑓௬௫௫(1; 2) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(1; 2) = 0 𝑓௬௫௬ = 0
𝑓௬௬௫(1; 2) = 0 𝑓௬௬௫ = 0
𝑓௬௬௬(1; 2) = 0 𝑓௬௬௬ = 0

dଷ𝑓(1; 2) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 6(𝑥 − 1)ଷ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(1; 2) = 0; dହ𝑓(1; 2) = 0; d଺𝑓(1; 2) = 0; d଻𝑓(1; 2) = 0; … proto

𝑇(𝐷) = 𝑓(1; 2) + d𝑓(1; 2)
1! + dଶ𝑓(1; 2)

2! + dଷ𝑓(1; 2)
3! =

= −6 − 48(𝑥 − 1) + 16(𝑦 − 2) + 3(𝑥 − 1)ଶ − 6(𝑥 − 1)(𝑦 − 2) + (𝑦 − 2)ଶ + (𝑥 − 1)ଷ
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3. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] Rozviňte doMaclaurinovy řady (⇒ Taylorův rozvoj se středem
v počátku 𝑂 = [0; 0]) funkci 𝑓(𝑥, 𝑦) = e௫ା௬ (viz poznámka).
𝑓(0; 0) = e଴ା଴ = e଴ = 1
𝑓௫(0; 0) = 1 𝑓௫ = e௫ା௬ ⋅ 1 = e௫ା௬
𝑓௬(0; 0) = 1 𝑓௬ = e௫ା௬ ⋅ 1 = e௫ା௬

d𝑓(0; 0) = 1 ⋅ (𝑥 − 0) + 1 ⋅ (𝑦 − 0) = 𝑥 + 𝑦
𝑓௫௫(0; 0) = 1 𝑓௫௫ = e௫ା௬ ⋅ 1 = e௫ା௬
𝑓௫௬(0; 0) = 1 𝑓௫௬ = e௫ା௬ ⋅ 1 = e௫ା௬
𝑓௬௫(0; 0) = 1 𝑓௬௫ = e௫ା௬ ⋅ 1 = e௫ା௬
𝑓௬௬(0; 0) = 1 𝑓௬௬ = e௫ା௬ ⋅ 1 = e௫ା௬

dଶ𝑓(0; 0) = 1 ⋅ 𝑥 ⋅ 𝑥 + 1 ⋅ 𝑥 ⋅ 𝑦 + 1 ⋅ 𝑦 ⋅ 𝑥 + 1 ⋅ 𝑦 ⋅ 𝑦 = 𝑥ଶ + 2𝑥𝑦 + 𝑦ଶ = (𝑥 + 𝑦)ଶ

𝑓௫௫௫(0; 0) = 1 𝑓௫௫௫ = e௫ା௬
𝑓௫௫௬(0; 0) = 1 𝑓௫௫௬ = e௫ା௬
𝑓௫௬௫(0; 0) = 1 𝑓௫௬௫ = e௫ା௬
𝑓௫௬௬(0; 0) = 1 𝑓௫௬௬ = e௫ା௬
𝑓௬௫௫(0; 0) = 1 𝑓௬௫௫ = e௫ା௬
𝑓௬௫௬(0; 0) = 1 𝑓௬௫௬ = e௫ା௬
𝑓௬௬௫(0; 0) = 1 𝑓௬௬௫ = e௫ା௬
𝑓௬௬௬(0; 0) = 1 𝑓௬௬௬ = e௫ା௬

dଷ𝑓(0; 0) = 1 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +1 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 +1 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 +1 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +1 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 +1 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +
+ 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 𝑥ଷ + 3𝑥ଶ𝑦 + 3𝑥𝑦ଶ + 𝑦ଷ = (𝑥 + 𝑦)ଷ

𝑓௫௫௫௫(0; 0) = 1 𝑓௫௫௫௫ = e௫ା௬
𝑓௫௫௫௬(0; 0) = 1 𝑓௫௫௫௬ = e௫ା௬
𝑓௫௫௬௫(0; 0) = 1 𝑓௫௫௬௫ = e௫ା௬
𝑓௫௫௬௬(0; 0) = 1 𝑓௫௫௬௬ = e௫ା௬
𝑓௫௬௫௫(0; 0) = 1 𝑓௫௬௫௫ = e௫ା௬
𝑓௫௬௫௬(0; 0) = 1 𝑓௫௬௫௬ = e௫ା௬
𝑓௫௬௬௫(0; 0) = 1 𝑓௫௬௬௫ = e௫ା௬
𝑓௫௬௬௬(0; 0) = 1 𝑓௫௬௬௬ = e௫ା௬
𝑓௬௫௫௫(0; 0) = 1 𝑓௬௫௫௫ = e௫ା௬
𝑓௬௫௫௬(0; 0) = 1 𝑓௬௫௫௬ = e௫ା௬
𝑓௬௫௬௫(0; 0) = 1 𝑓௬௫௬௫ = e௫ା௬
𝑓௬௫௬௬(0; 0) = 1 𝑓௬௫௬௬ = e௫ା௬
𝑓௬௬௫௫(0; 0) = 1 𝑓௬௬௫௫ = e௫ା௬
𝑓௬௬௫௬(0; 0) = 1 𝑓௬௬௫௬ = e௫ା௬
𝑓௬௬௬௫(0; 0) = 1 𝑓௬௬௬௫ = e௫ା௬
𝑓௬௬௬௬(0; 0) = 1 𝑓௬௬௬௬ = e௫ା௬

dସ𝑓(0; 0) = 1 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 + 1 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 1 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 1 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +
+ 1 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 1 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 + 1 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 1 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 + 1 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +
+ 1 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 1 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 1 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 + 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +

+ 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 𝑥ସ + 4𝑥ଷ𝑦 + 6𝑥ଶ𝑦ଶ + 4𝑥𝑦ଷ + 𝑦ସ = (𝑥 + 𝑦)ସ

𝑀 = 𝑇(𝑂) = 1 + 𝑥 + 𝑦
1! + (𝑥 + 𝑦)ଶ

2! + (𝑥 + 𝑦)ଷ
3! + (𝑥 + 𝑦)ସ

4! + (𝑥 + 𝑦)ହ
5! + (𝑥 + 𝑦)଺

6! + ⋯
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4. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐵 = [2; 1] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑦ଷ + 3𝑥ଶ − 3𝑦ଶ − 3𝑥ଶ𝑦 + 12𝑥𝑦 − 11𝑥 − 9𝑦 + 9

𝑓(2; 1) = 1ଷ + 3 ⋅ 2ଶ − 3 ⋅ 1ଶ − 3 ⋅ 2ଶ ⋅ 1 + 12 ⋅ 2 ⋅ 1 − 11 ⋅ 2 − 9 ⋅ 1 + 9 =
= 1 +12 − 3 −12 + 24 − 22 −9 +9 = 0

𝑓௫(2; 1) = 1 𝑓௫ = 6𝑥 − 6𝑥𝑦 + 12𝑦 − 11
𝑓௬(2; 1) = 0 𝑓௬ = 3𝑦ଶ − 6𝑦 − 3𝑥ଶ + 12𝑥 − 9

d𝑓(2; 1) = 1 ⋅ (𝑥 − 2) + 0 ⋅ (𝑦 − 1) = (𝑥 − 2)

𝑓௫௫(2; 1) = 0 𝑓௫௫ = 6 − 6𝑦
𝑓௫௬(2; 1) = 0 𝑓௫௬ = −6𝑥 + 12
𝑓௬௫(2; 1) = 0 𝑓௬௫ = −6𝑥 + 12
𝑓௬௬(2; 1) = 0 𝑓௬௬ = 6𝑦 − 6

dଶ𝑓(1; 2) = 0 ⋅ (𝑥 − 2) ⋅ (𝑥 − 2) + 0 ⋅ (𝑥 − 2) ⋅ (𝑦 − 1) + 0 ⋅ (𝑦 − 1) ⋅ (𝑥 − 2) +
+ 0 ⋅ (𝑦 − 1) ⋅ (𝑦 − 1) = 0

𝑓௫௫௫(2; 1) = 0 𝑓௫௫௫ = 0
𝑓௫௫௬(2; 1) = −6 𝑓௫௫௬ = −6
𝑓௫௬௫(2; 1) = −6 𝑓௫௬௫ = −6
𝑓௫௬௬(2; 1) = 0 𝑓௫௬௬ = 0
𝑓௬௫௫(2; 1) = −6 𝑓௬௫௫ = −6
𝑓௬௫௬(2; 1) = 0 𝑓௬௫௬ = 0
𝑓௬௬௫(2; 1) = 0 𝑓௬௬௫ = 0
𝑓௬௬௬(2; 1) = 6 𝑓௬௬௬ = 6

dଷ𝑓(2; 1) = 0 − 6 ⋅ (𝑥 − 2) ⋅ (𝑥 − 2) ⋅ (𝑦 − 1) − 6 ⋅ (𝑥 − 2) ⋅ (𝑦 − 1) ⋅ (𝑥 − 2) + 0 −
− 6 ⋅ (𝑦 − 1) ⋅ (𝑥 − 2) ⋅ (𝑥 − 2) + 0 + 0 + 6 ⋅ (𝑦 − 1) ⋅ (𝑦 − 1) ⋅ (𝑦 − 1) =

= 6(𝑥 − 2)ଷ − 18(𝑥 − 2)(𝑦 − 1)ଶ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(2; 1) = 0; dହ𝑓(2; 1) = 0; d଺𝑓(2; 1) = 0; d଻𝑓(2; 1) = 0; … proto

𝑇(𝐵) = 𝑓(2; 1) + d𝑓(2; 1)
1! + dଶ𝑓(2; 1)

2! + dଷ𝑓(2; 1)
3! =

(𝑥 − 2) − 3.(𝑦 − 1).(𝑥 − 2)ଶ + (𝑦 − 1)ଷ
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5. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] Rozviňte doMaclaurinovy řady funkci 𝑓(𝑥, 𝑦) = sin(𝑥 + 𝑦)
(viz poznámka).

𝑓(0; 0) = sin(0 + 0) = sin 0 = 0
𝑓௫(0; 0) = 1 𝑓௫ = cos(𝑥 + 𝑦) ⋅ 1 = cos(𝑥 + 𝑦)
𝑓௬(0; 0) = 1 𝑓௬ = cos(𝑥 + 𝑦) ⋅ 1 = cos(𝑥 + 𝑦)
d𝑓(0; 0) = 1 ⋅ (𝑥 − 0) + 1 ⋅ (𝑦 − 0) = 𝑥 + 𝑦
𝑓௫௫(0; 0) = 0 𝑓௫௫ = − sin(𝑥 + 𝑦) ⋅ 1 = − sin(𝑥 + 𝑦)
𝑓௫௬(0; 0) = 0 𝑓௫௬ = − sin(𝑥 + 𝑦) ⋅ 1 = − sin(𝑥 + 𝑦)
𝑓௬௫(0; 0) = 0 𝑓௬௫ = − sin(𝑥 + 𝑦) ⋅ 1 = − sin(𝑥 + 𝑦)
𝑓௬௬(0; 0) = 0 𝑓௬௬ = − sin(𝑥 + 𝑦) ⋅ 1 = − sin(𝑥 + 𝑦)
dଶ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 = 0
𝑓௫௫௫(0; 0) = −1 𝑓௫௫௫ = − cos(𝑥 + 𝑦)
𝑓௫௫௬(0; 0) = −1 𝑓௫௫௬ = − cos(𝑥 + 𝑦)
𝑓௫௬௫(0; 0) = −1 𝑓௫௬௫ = − cos(𝑥 + 𝑦)
𝑓௫௬௬(0; 0) = −1 𝑓௫௬௬ = − cos(𝑥 + 𝑦)
𝑓௬௫௫(0; 0) = −1 𝑓௬௫௫ = − cos(𝑥 + 𝑦)
𝑓௬௫௬(0; 0) = −1 𝑓௬௫௬ = − cos(𝑥 + 𝑦)
𝑓௬௬௫(0; 0) = −1 𝑓௬௬௫ = − cos(𝑥 + 𝑦)
𝑓௬௬௬(0; 0) = −1 𝑓௬௬௬ = − cos(𝑥 + 𝑦)
dଷ𝑓(0; 0) = −1 ⋅𝑥 ⋅ 𝑥 ⋅ 𝑥−1 ⋅𝑥 ⋅ 𝑥 ⋅ 𝑦−1 ⋅𝑥 ⋅ 𝑦 ⋅ 𝑥−1 ⋅𝑥 ⋅ 𝑦 ⋅ 𝑦−1 ⋅𝑦 ⋅ 𝑥 ⋅ 𝑥−1 ⋅𝑦 ⋅ 𝑥 ⋅ 𝑦+

− 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 − 1 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = −𝑥ଷ − 3𝑥ଶ𝑦 − 3𝑥𝑦ଶ − 𝑦ଷ = −(𝑥 + 𝑦)ଷ
𝑓௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫ = −[− sin(𝑥 + 𝑦)] = sin(𝑥 + 𝑦)
𝑓௫௫௫௬(0; 0) = 0 𝑓௫௫௫௬ = sin(𝑥 + 𝑦)
𝑓௫௫௬௫(0; 0) = 0 𝑓௫௫௬௫ = sin(𝑥 + 𝑦)
𝑓௫௫௬௬(0; 0) = 0 𝑓௫௫௬௬ = sin(𝑥 + 𝑦)
𝑓௫௬௫௫(0; 0) = 0 𝑓௫௬௫௫ = sin(𝑥 + 𝑦)
𝑓௫௬௫௬(0; 0) = 0 𝑓௫௬௫௬ = sin(𝑥 + 𝑦)
𝑓௫௬௬௫(0; 0) = 0 𝑓௫௬௬௫ = sin(𝑥 + 𝑦)
𝑓௫௬௬௬(0; 0) = 0 𝑓௫௬௬௬ = sin(𝑥 + 𝑦)
𝑓௬௫௫௫(0; 0) = 0 𝑓௬௫௫௫ = sin(𝑥 + 𝑦)
𝑓௬௫௫௬(0; 0) = 0 𝑓௬௫௫௬ = sin(𝑥 + 𝑦)
𝑓௬௫௬௫(0; 0) = 0 𝑓௬௫௬௫ = sin(𝑥 + 𝑦)
𝑓௬௫௬௬(0; 0) = 0 𝑓௬௫௬௬ = sin(𝑥 + 𝑦)
𝑓௬௬௫௫(0; 0) = 0 𝑓௬௬௫௫ = sin(𝑥 + 𝑦)
𝑓௬௬௫௬(0; 0) = 0 𝑓௬௬௫௬ = sin(𝑥 + 𝑦)
𝑓௬௬௬௫(0; 0) = 0 𝑓௬௬௬௫ = sin(𝑥 + 𝑦)
𝑓௬௬௬௬(0; 0) = 0 𝑓௬௬௬௬ = sin(𝑥 + 𝑦) 𝑓௬௬௬௬௬ = cos(𝑥 + 𝑦) 𝑓௬௬௬௬௬(0; 0) = 1
dସ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +

+ 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +
+ 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +

+ 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 0

𝑀 = 𝑥 + 𝑦
1! − (𝑥 + 𝑦)ଷ

3! + (𝑥 + 𝑦)ହ
5! − (𝑥 + 𝑦)଻

7! + ⋯ Funkce sin je LICHAƵ .
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6. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐴 = [1; 2] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑥ଷ − 3𝑥ଶ + 3𝑦ଶ − 3𝑥𝑦ଶ + 12𝑥𝑦 − 9𝑥 − 11𝑦 + 9

𝑓(1; 2) = 1ଷ − 3 ⋅ 1ଶ + 3 ⋅ 2ଶ − 3 ⋅ 1 ⋅ 2ଶ + 12 ⋅ 1 ⋅ 2 − 9 ⋅ 1 − 11 ⋅ 2 + 9 =
= 1 − 3 +12 − 12 + 24 −9 − 22 +9 = 0

𝑓௫(1; 2) = 0 𝑓௫ = 3𝑥ଶ − 6𝑥 − 3𝑦ଶ + 12𝑦 − 9
𝑓௬(1; 2) = 1 𝑓௬ = 6𝑦 − 6𝑥𝑦 + 12𝑥 − 11

d𝑓(1; 2) = 0 ⋅ (𝑥 − 1) + 1 ⋅ (𝑦 − 2) = (𝑦 − 2)

𝑓௫௫(1; 2) = 0 𝑓௫௫ = 6𝑥 − 6
𝑓௫௬(1; 2) = 0 𝑓௫௬ = −6𝑦 + 12
𝑓௬௫(1; 2) = 0 𝑓௬௫ = −6𝑦 + 12
𝑓௬௬(1; 2) = 0 𝑓௬௬ = 6 − 6𝑥

dଶ𝑓(1; 2) = 0 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 ⋅ (𝑥 − 1) ⋅ (𝑦 − 2) + 0 ⋅ (𝑦 − 2) ⋅ (𝑥 − 1) +
+ 0 ⋅ (𝑦 − 2) ⋅ (𝑦 − 2) = 0

𝑓௫௫௫(1; 2) = 6 𝑓௫௫௫ = 6
𝑓௫௫௬(1; 2) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(1; 2) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(1; 2) = −6 𝑓௫௬௬ = −6
𝑓௬௫௫(1; 2) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(1; 2) = −6 𝑓௬௫௬ = −6
𝑓௬௬௫(1; 2) = −6 𝑓௬௬௫ = −6
𝑓௬௬௬(1; 2) = 0 𝑓௬௬௬ = 0

dଷ𝑓(1; 2) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 + 0 − 6 ⋅ (𝑥 − 1) ⋅ (𝑦 − 2) ⋅ (𝑦 − 2) + 0 −
− 6 ⋅ (𝑦 − 2) ⋅ (𝑥 − 1) ⋅ (𝑦 − 2) − 6 ⋅ (𝑦 − 2) ⋅ (𝑦 − 2) ⋅ (𝑥 − 1) + 0 =

= 6(𝑥 − 1)ଷ − 18(𝑥 − 1)(𝑦 − 2)ଶ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

d଺𝑓(1; 2) = 0; dହ𝑓(1; 2) = 0; d଺𝑓(1; 2) = 0; d଻𝑓(1; 2) = 0; … proto

𝑇(𝐴) = 𝑓(1; 2) + d𝑓(1; 2)
1! + dଶ𝑓(1; 2)

2! + dଷ𝑓(1; 2)
3! =

(𝑦 − 2) + (𝑥 − 1)ଷ − 3.(𝑥 − 1).(𝑦 − 2)ଶ

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST – BA002: Taylorův rozvoj funkcí více proměnných str. 10 z 21

7. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] Rozviňte doMaclaurinovy řady funkci 𝑓(𝑥, 𝑦) = e௫௬

(viz poznámka).

𝑓(0; 0) = e଴⋅଴ = e଴ = 1

𝑓௫(0; 0) = 0 𝑓௫ = e௫௬ ⋅ 𝑦 = 𝑦 ⋅ e௫௬
𝑓௬(0; 0) = 0 𝑓௬ = e௫௬ ⋅ 𝑥 = 𝑥 ⋅ e௫௬

d𝑓(0; 0) = 0 ⋅ (𝑥 − 0) + 0 ⋅ (𝑦 − 0) = 0

𝑓௫௫(0; 0) = 0 𝑓௫௫ = 𝑦 ⋅ e௫௬ ⋅ 𝑦 = 𝑦ଶ ⋅ e௫௬
𝑓௫௬(0; 0) = 1 𝑓௫௬ = 1 ⋅ e௫௬ + 𝑦 ⋅ e௫௬ ⋅ 𝑥 = e௫௬ + 𝑥𝑦 ⋅ e௫௬
𝑓௬௫(0; 0) = 1 𝑓௬௫ = 1 ⋅ e௫௬ + 𝑥 ⋅ e௫௬ ⋅ 𝑦 = e௫௬ + 𝑥𝑦 ⋅ e௫௬
𝑓௬௬(0; 0) = 0 𝑓௬௬ = 𝑥 ⋅ e௫௬ ⋅ 𝑥 = 𝑥ଶ ⋅ e௫௬

Je lepšı́ výsledky před dalšı́m derivovánı́m co nejvı́ce upravit tak, jako v následujı́cı́ch
přı́kladech v tomto dokumentu, nebo ve 3. přı́kladu, 9. cvičenı́ na parciálnı́ derivace.

dଶ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 + 1 ⋅ 𝑥 ⋅ 𝑦 + 1 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 = 2𝑥𝑦 = 2! ⋅ ௫௬ଵ!
𝑓௫௫௫(0; 0) = 0 𝑓௫௫௫ = 𝑦ଶ ⋅ e௫௬ ⋅ 𝑦 = 𝑦ଷ ⋅ e௫௬
𝑓௫௫௬(0; 0) = 0 𝑓௫௫௬ = 2𝑦 ⋅ e௫௬ + 𝑦ଶ ⋅ e௫௬ ⋅ 𝑥 = 2𝑦 ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬
𝑓௫௬௫(0; 0) = 0 𝑓௫௬௫ = e௫௬ ⋅ 𝑦 + 𝑦 ⋅ e௫௬ + 𝑥𝑦 ⋅ e௫௬ ⋅ 𝑦 = 2𝑦 ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬
𝑓௫௬௬(0; 0) = 0 𝑓௫௬௬ = e௫௬ ⋅ 𝑥 + 𝑥 ⋅ e௫௬ + 𝑥𝑦 ⋅ e௫௬ ⋅ 𝑥 = 2𝑥 ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬
𝑓௬௫௫(0; 0) = 0 𝑓௬௫௫ = e௫௬ ⋅ 𝑦 + 𝑦 ⋅ e௫௬ + 𝑥𝑦 ⋅ e௫௬ ⋅ 𝑦 = 2𝑦 ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬
𝑓௬௫௬(0; 0) = 0 𝑓௬௫௬ = e௫௬ ⋅ 𝑥 + 𝑥 ⋅ e௫௬ + 𝑥𝑦 ⋅ e௫௬ ⋅ 𝑥 = 2𝑥 ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬
𝑓௬௬௫(0; 0) = 0 𝑓௬௬௫ = 2𝑥 ⋅ e௫௬ + 𝑥ଶ ⋅ e௫௬ ⋅ 𝑦 = 2𝑥 ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬
𝑓௬௬௬(0; 0) = 0 𝑓௬௬௬ = 𝑥ଶ ⋅ e௫௬ ⋅ 𝑥 = 𝑥ଷ ⋅ e௫௬

dଷ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 +0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 +0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 +0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +
+ 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 0

𝑓௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫ = 𝑦ଷ ⋅ e௫௬ ⋅ 𝑦 = 𝑦ସ ⋅ e௫௬
𝑓௫௫௫௬(0; 0) = 0 𝑓௫௫௫௬ = 3𝑦ଶ ⋅ e௫௬ + 𝑦ଷ ⋅ e௫௬ ⋅ 𝑥 = 3𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଷ ⋅ e௫௬
𝑓௫௫௬௫(0; 0) = 0 𝑓௫௫௬௫ = 2𝑦 ⋅ e௫௬ ⋅ 𝑦 + 𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬ ⋅ 𝑦 = 3𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଷ ⋅ e௫௬
𝑓௫௫௬௬(0; 0) = 2 𝑓௫௫௬௬ = 2 ⋅ e௫௬ + 2𝑦 ⋅ e௫௬ ⋅ 𝑥 + 2𝑥𝑦 ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬ ⋅ 𝑥 =

= 2 ⋅ e௫௬ + 4𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦ଶ ⋅ e௫௬
𝑓௫௬௫௫(0; 0) = 0 𝑓௫௬௫௫ = 2𝑦 ⋅ e௫௬ ⋅ 𝑦 + 𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬ ⋅ 𝑦 = 3𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଷ ⋅ e௫௬
𝑓௫௬௫௬(0; 0) = 2 𝑓௫௬௫௬ = 2 ⋅ e௫௬ + 2𝑦 ⋅ e௫௬ ⋅ 𝑥 + 2𝑥𝑦 ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬ ⋅ 𝑥 =

= 2 ⋅ e௫௬ + 4𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦ଶ ⋅ e௫௬
𝑓௫௬௬௫(0; 0) = 2 𝑓௫௬௬௫ = 2 ⋅ e௫௬ + 2𝑥 ⋅ e௫௬ ⋅ 𝑦 + 2𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬ ⋅ 𝑦 =

= 2 ⋅ e௫௬ + 4𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦ଶ ⋅ e௫௬
𝑓௫௬௬௬(0; 0) = 0 𝑓௫௬௬௬ = 2𝑥 ⋅ e௫௬ ⋅ 𝑥 + 𝑥ଶ ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬ ⋅ 𝑥 = 3𝑥ଶ ⋅ e௫௬ + 𝑥ଷ𝑦 ⋅ e௫௬
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𝑓௬௫௫௫(0; 0) = 0 𝑓௬௫௫௫ = 2𝑦 ⋅ e௫௬ ⋅ 𝑦 + 𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬ ⋅ 𝑦 = 3𝑦ଶ ⋅ e௫௬ + 𝑥𝑦ଷ ⋅ e௫௬
𝑓௬௫௫௬(0; 0) = 2 𝑓௬௫௫௬ = 2 ⋅ e௫௬ + 2𝑦 ⋅ e௫௬ ⋅ 𝑥 + 2𝑥𝑦 ⋅ e௫௬ + 𝑥𝑦ଶ ⋅ e௫௬ ⋅ 𝑥 =

= 2 ⋅ e௫௬ + 4𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦ଶ ⋅ e௫௬
𝑓௬௫௬௫(0; 0) = 2 𝑓௬௫௬௫ = 2 ⋅ e௫௬ + 2𝑥 ⋅ e௫௬ ⋅ 𝑦 + 2𝑥𝑦e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬ ⋅ 𝑦 =

= 2 ⋅ e௫௬ + 4𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦ଶ ⋅ e௫௬
𝑓௬௫௬௬(0; 0) = 0 𝑓௬௫௬௬ = 2𝑥 ⋅ e௫௬ ⋅ 𝑥 + 𝑥ଶ ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬ ⋅ 𝑥 = 3𝑥ଶ ⋅ e௫௬ + 𝑥ଷ𝑦 ⋅ e௫௬
𝑓௬௬௫௫(0; 0) = 2 𝑓௬௬௫௫ = 2 ⋅ e௫௬ + 2𝑥 ⋅ e௫௬ ⋅ 𝑦 + 2𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬ ⋅ 𝑦 =

= 2 ⋅ e௫௬ + 4𝑥𝑦 ⋅ e௫௬ + 𝑥ଶ𝑦ଶ ⋅ e௫௬
𝑓௬௬௫௬(0; 0) = 0 𝑓௬௬௫௬ = 2𝑥 ⋅ e௫௬ ⋅ 𝑥 + 𝑥ଶ ⋅ e௫௬ + 𝑥ଶ𝑦 ⋅ e௫௬ ⋅ 𝑥 = 3𝑥ଶ ⋅ e௫௬ + 𝑥ଷ𝑦 ⋅ e௫௬
𝑓௬௬௬௫(0; 0) = 0 𝑓௬௬௬௫ = 3𝑥ଶ ⋅ e௫௬ + 𝑥ଷ ⋅ e௫௬ ⋅ 𝑦 = 3𝑥ଶ ⋅ e௫௬ + 𝑥ଷ𝑦 ⋅ e௫௬
𝑓௬௬௬௬(0; 0) = 0 𝑓௬௬௬௬ = 𝑥ଷ ⋅ e௫௬ ⋅ 𝑥 = 𝑥ସ ⋅ e௫௬

dସ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 2 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +
+ 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 2 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 + 2 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +
+ 2 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 2 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 + 2 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +

+ 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 6 ⋅ (2𝑥ଶ𝑦ଶ) =
= 12𝑥ଶ𝑦ଶ = 4 ⋅ 3ถ

ଵଶ
⋅ଶ!ଶ! ⋅ 𝑥

ଶ𝑦ଶ = ସ!
ଶ! ⋅ 𝑥

ଶ𝑦ଶ = 4! ⋅ ௫
ଶ௬ଶ
ଶ!

𝑓௫௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫௫ = 𝑦ସ ⋅ e௫௬ ⋅ 𝑦 = 𝑦ହ ⋅ e௫௬
⋮

dହ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 + … = 0

𝑀 = 𝑓(0; 0)+d𝑓(0; 0)
1! +dଶ𝑓(0; 0)

2! +dଷ𝑓(0; 0)
3! +⋯ = 1+0+

2! ⋅ ௫௬ଵ!
2! +0+

4! ⋅ ௫
ଶ௬ଶ
ଶ!

4! +… =

= 1 + 𝑥𝑦
1! +

(𝑥𝑦)ଶ
2! + (𝑥𝑦)ଷ

3! + (𝑥𝑦)ସ
4! + (𝑥𝑦)ହ

5! + (𝑥𝑦)଺
6! + ⋯
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8. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐶 = [1;−1] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑥ଷ + 𝑥𝑦ଶ − 3𝑥 + 2𝑥𝑦 + 1

𝑓(1;−1) = 1ଷ + 1 ⋅ (−1)ଶ − 3 ⋅ 1 + 2 ⋅ 1 ⋅ (−1) + 1 = −2

𝑓௫(1;−1) = −1 𝑓௫ = 3𝑥ଶ + 𝑦ଶ − 3 + 2𝑦
𝑓௬(1;−1) = 0 𝑓௬ = 2𝑥𝑦 + 2𝑥

d𝑓(1;−1) = −1 ⋅ (𝑥 − 1) + 0 ⋅ (𝑦 + 1) = −(𝑥 − 1)

𝑓௫௫(1;−1) = 6 𝑓௫௫ = 6𝑥
𝑓௫௬(1;−1) = 0 𝑓௫௬ = 2𝑦 + 2
𝑓௬௫(1;−1) = 0 𝑓௬௫ = 2𝑦 + 2
𝑓௬௬(1;−1) = 2 𝑓௬௬ = 2𝑥

dଶ𝑓(1;−1) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 ⋅ (𝑥 − 1) ⋅ (𝑦 + 1) + 0 ⋅ (𝑦 + 1) ⋅ (𝑥 − 1) +
+ 2 ⋅ (𝑦 + 1) ⋅ (𝑦 + 2) = 6(𝑥 − 1)ଶ + 2(𝑦 + 1)ଶ

𝑓௫௫௫(1;−1) = 6 𝑓௫௫௫ = 6
𝑓௫௫௬(1;−1) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(1;−1) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(1;−1) = 2 𝑓௫௬௬ = 2
𝑓௬௫௫(1;−1) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(1;−1) = 2 𝑓௬௫௬ = 2
𝑓௬௬௫(1;−1) = 2 𝑓௬௬௫ = 2
𝑓௬௬௬(1;−1) = 0 𝑓௬௬௬ = 0

dଷ𝑓(1;−1) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 + 0 + 2 ⋅ (𝑥 − 1) ⋅ (𝑦 + 1) ⋅ (𝑦 + 1) + 0 −
+ 2 ⋅ (𝑦 + 1) ⋅ (𝑥 − 1) ⋅ (𝑦 + 1) + 2 ⋅ (𝑦 + 1) ⋅ (𝑦 + 1) ⋅ (𝑥 − 1) + 0 =

= 6(𝑥 − 1)ଷ + 6(𝑥 − 1)(𝑦 + 1)ଶ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(1;−1) = 0; dହ𝑓(1;−1) = 0; d଺𝑓(1;−1) = 0; d଻𝑓(1;−1) = 0; … proto

𝑇(𝐶) = 𝑓(1;−1) + d𝑓(1;−1)
1! + dଶ𝑓(1;−1)

2! + dଷ𝑓(1;−1)
3! =

−2 − (𝑥 − 1) + 3(𝑥 − 1)ଶ + (𝑦 + 1)ଶ + (𝑥 − 1)ଷ + (𝑥 − 1)(𝑦 + 1)ଶ
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9. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] Rozviňte doMaclaurinovy řady funkci 𝑓(𝑥, 𝑦) = cos(𝑥𝑦)
(viz poznámka).

𝑓(0; 0) = cos(0 ⋅ 0) = cos0 = 1

𝑓௫(0; 0) = 0 𝑓௫ = − sin(𝑥𝑦) ⋅ 𝑦 = −𝑦 ⋅ sin(𝑥𝑦)
𝑓௬(0; 0) = 0 𝑓௬ = − sin(𝑥𝑦) ⋅ 𝑥 = −𝑥 ⋅ sin(𝑥𝑦)

d𝑓(0; 0) = 0 ⋅ (𝑥 − 0) + 0 ⋅ (𝑦 − 0) = 0

𝑓௫௫(0; 0) = 0 𝑓௫௫ = −𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 = −𝑦ଶ ⋅ cos(𝑥𝑦)
𝑓௫௬(0; 0) = 0 𝑓௫௬ = −1 ⋅ sin(𝑥𝑦) − 𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑥 = − sin(𝑥𝑦) − 𝑥𝑦 ⋅ cos(𝑥𝑦)
𝑓௬௫(0; 0) = 0 𝑓௬௫ = −1 ⋅ sin(𝑥𝑦) − 𝑥 ⋅ cos(𝑥𝑦) ⋅ 𝑦 = − sin(𝑥𝑦) − 𝑥𝑦 ⋅ cos(𝑥𝑦)
𝑓௬௬(0; 0) = 0 𝑓௬௬ = −𝑥 ⋅ cos(𝑥𝑦) ⋅ 𝑥 = −𝑥ଶ ⋅ cos(𝑥𝑦)

dଶ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 = 0

𝑓௫௫௫(0; 0) = 0 𝑓௫௫௫ = −𝑦ଶ ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] = 𝑦ଷ ⋅ sin(𝑥𝑦)
𝑓௫௫௬(0; 0) = 0 𝑓௫௫௬ = −2𝑦 ⋅ cos(𝑥𝑦) − 𝑦ଶ ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =

= 𝑥𝑦ଶ ⋅ sin(𝑥𝑦) − 2𝑦 ⋅ cos(𝑥𝑦)
𝑓௫௬௫(0; 0) = 0 𝑓௫௬௫ = − cos(𝑥𝑦) ⋅ 𝑦 − 𝑦 ⋅ cos(𝑥𝑦) − 𝑥𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 𝑥𝑦ଶ ⋅ sin(𝑥𝑦) − 2𝑦 ⋅ cos(𝑥𝑦)
𝑓௫௬௬(0; 0) = 0 𝑓௫௬௬ = − cos(𝑥𝑦) ⋅ 𝑥 − 𝑥 ⋅ cos(𝑥𝑦) − 𝑥𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =

= 𝑥ଶ𝑦 ⋅ sin(𝑥𝑦) − 2𝑥 ⋅ cos(𝑥𝑦)
𝑓௬௫௫(0; 0) = 0 𝑓௬௫௫ = − cos(𝑥𝑦) ⋅ 𝑦 − 𝑦 ⋅ cos(𝑥𝑦) − 𝑥𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 𝑥𝑦ଶ ⋅ sin(𝑥𝑦) − 2𝑦 ⋅ cos(𝑥𝑦)
𝑓௬௫௬(0; 0) = 0 𝑓௬௫௬ = − cos(𝑥𝑦) ⋅ 𝑥 − 𝑥 ⋅ cos(𝑥𝑦) − 𝑥𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =

= 𝑥ଶ𝑦 ⋅ sin(𝑥𝑦) − 2𝑥 ⋅ cos(𝑥𝑦)
𝑓௬௬௫(0; 0) = 0 𝑓௬௬௫ = −2𝑥 ⋅ cos(𝑥𝑦) − 𝑥ଶ ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 𝑥ଶ𝑦 ⋅ sin(𝑥𝑦) − 2𝑥 ⋅ cos(𝑥𝑦)
𝑓௬௬௬(0; 0) = 0 𝑓௬௬௬ = −𝑥ଶ ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] = 𝑥ଷ ⋅ sin(𝑥𝑦)

dଷ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 +0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 +0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 +0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +
+ 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 0

𝑓௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫ = 𝑦ଷ ⋅ cos(𝑥𝑦) ⋅ 𝑦 = 𝑦ସ ⋅ cos(𝑥𝑦)
𝑓௫௫௫௬(0; 0) = 0 𝑓௫௫௫௬ = 3𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑦ଷ ⋅ cos(𝑥𝑦) ⋅ 𝑥 =

= 3𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଷ ⋅ cos(𝑥𝑦)
𝑓௫௫௬௫(0; 0) = 0 𝑓௫௫௬௫ = 𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଶ ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =

= 3𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଷ ⋅ cos(𝑥𝑦)
𝑓௫௫௬௬(0; 0) = −2 𝑓௫௫௬௬ = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥𝑦ଶ ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2 ⋅ cos(𝑥𝑦) −

−2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] = 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥ଶ𝑦ଶ − 2) ⋅ cos(𝑥𝑦)
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𝑓௫௬௫௫(0; 0) = 0 𝑓௫௬௫௫ = 𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଶ ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =
= 3𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଷ ⋅ cos(𝑥𝑦)

𝑓௫௬௫௬(0; 0) = −2 𝑓௫௬௫௬ = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥𝑦ଶ cos(𝑥𝑦) ⋅ 𝑥 − 2 cos(𝑥𝑦) −
−2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] = 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥ଶ𝑦ଶ − 2) ⋅ cos(𝑥𝑦)

𝑓௫௬௬௫(0; 0) = −2 𝑓௫௬௬௫ = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥ଶ𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2 ⋅ cos(𝑥𝑦) −
−2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] = 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥ଶ𝑦ଶ − 2) ⋅ cos(𝑥𝑦)

𝑓௫௬௬௬(0; 0) = 0 𝑓௫௬௬௬ = 𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଶ𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =
= 3𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଷ𝑦 ⋅ cos(𝑥𝑦)

𝑓௬௫௫௫(0; 0) = 0 𝑓௬௫௫௫ = 𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଶ ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] =
= 3𝑦ଶ ⋅ sin(𝑥𝑦) + 𝑥𝑦ଷ ⋅ cos(𝑥𝑦)

𝑓௬௫௫௬(0; 0) = −2 𝑓௬௫௫௬ = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥𝑦ଶ ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2 ⋅ cos(𝑥𝑦) −
−2𝑦 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] = 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥ଶ𝑦ଶ − 2) ⋅ cos(𝑥𝑦)

𝑓௬௫௬௫(0; 0) = −2 𝑓௬௫௬௫ = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥ଶ𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2 ⋅ cos(𝑥𝑦) −
−2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] = 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥ଶ𝑦ଶ − 2) ⋅ cos(𝑥𝑦)

𝑓௬௫௬௬(0; 0) = 0 𝑓௬௫௬௬ = 𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଶ𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =
= 3𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଷ𝑦 ⋅ cos(𝑥𝑦)

𝑓௬௬௫௫(0; 0) = −2 𝑓௬௬௫௫ = 2𝑥𝑦 ⋅ sin(𝑥𝑦) + 𝑥ଶ𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑦 − 2 ⋅ cos(𝑥𝑦) −
−2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑦] = 4𝑥𝑦 ⋅ sin(𝑥𝑦) + (𝑥ଶ𝑦ଶ − 2) ⋅ cos(𝑥𝑦)

𝑓௬௬௫௬(0; 0) = 0 𝑓௬௬௫௬ = 𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଶ𝑦 ⋅ cos(𝑥𝑦) ⋅ 𝑥 − 2𝑥 ⋅ [− sin(𝑥𝑦) ⋅ 𝑥] =
= 3𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଷ𝑦 ⋅ cos(𝑥𝑦)

𝑓௬௬௬௫(0; 0) = 0 𝑓௬௬௬௫ = 3𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଷ ⋅ cos(𝑥𝑦) ⋅ 𝑦 =
= 3𝑥ଶ ⋅ sin(𝑥𝑦) + 𝑥ଷ𝑦 ⋅ cos(𝑥𝑦)

𝑓௬௬௬௬(0; 0) = 0 𝑓௬௬௬௬ = 𝑥ଷ ⋅ cos(𝑥𝑦) ⋅ 𝑥 = 𝑥ସ ⋅ cos(𝑥𝑦)

dସ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 + 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 − 2 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 +
+ 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 − 2 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 − 2 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 +
− 2 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑦 − 2 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑦 − 2 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦 +

+ 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑥 + 0 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 ⋅ 𝑦 = 6 ⋅ (−2𝑥ଶ𝑦ଶ) =

= −12𝑥ଶ𝑦ଶ = −4 ⋅ 3ถ
ଵଶ

⋅2!2! ⋅ 𝑥
ଶ𝑦ଶ = −4!2! ⋅ 𝑥

ଶ𝑦ଶ = −4! ⋅ 𝑥
ଶ𝑦ଶ
2!

𝑓௫௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫௫ = 𝑦ସ ⋅ cos(𝑥𝑦) ⋅ 𝑦 = 𝑦ହ ⋅ cos(𝑥𝑦)
⋮

dହ𝑓(0; 0) = 0 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 ⋅ 𝑥 + … = 0

𝑀 = 𝑓(0; 0)+d𝑓(0; 0)
1! +dଶ𝑓(0; 0)

2! +dଷ𝑓(0; 0)
3! +⋯ = 1+0+0+0+

−4! ⋅ ௫
ଶ௬ଶ
ଶ!

4! +0+… =

= 1 − (𝑥𝑦)ଶ
2! + (𝑥𝑦)ସ

4! − (𝑥𝑦)଺
6! + ⋯ Funkce cos je SUDAƵ .
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10. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐷 = [−1; 1] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑦ଷ + 𝑥ଶ𝑦 + 2𝑥𝑦 − 3𝑦 + 1

𝑓(−1; 1) = 1ଷ + (−1)ଶ ⋅ 1 + 2 ⋅ (−1) ⋅ 1 − 3 ⋅ 1 + 1 = −2

𝑓௫(−1; 1) = 0 𝑓௫ = 2𝑥𝑦 + 2𝑦
𝑓௬(−1; 1) = −1 𝑓௬ = 3𝑦ଶ + 𝑥ଶ + 2𝑥 − 3

d𝑓(−1; 1) = 0 ⋅ (𝑥 + 1) − 1 ⋅ (𝑦 − 1) = −(𝑦 − 1)

𝑓௫௫(−1; 1) = 2 𝑓௫௫ = 2𝑦
𝑓௫௬(−1; 1) = 0 𝑓௫௬ = 2𝑥 + 2
𝑓௬௫(−1; 1) = 0 𝑓௬௫ = 2𝑥 + 2
𝑓௬௬(−1; 1) = 6 𝑓௬௬ = 6𝑦

dଶ𝑓(−1; 1) = 2 ⋅ (𝑥 + 1) ⋅ (𝑥 + 1) + 0 ⋅ (𝑥 + 1) ⋅ (𝑦 − 1) + 0 ⋅ (𝑦 − 1) ⋅ (𝑥 + 1) +
+ 6 ⋅ (𝑦 − 1) ⋅ (𝑦 − 1) = 2(𝑥 + 1)ଶ + 6(𝑦 − 1)ଶ

𝑓௫௫௫(−1; 1) = 0 𝑓௫௫௫ = 0
𝑓௫௫௬(−1; 1) = 2 𝑓௫௫௬ = 2
𝑓௫௬௫(−1; 1) = 2 𝑓௫௬௫ = 2
𝑓௫௬௬(−1; 1) = 0 𝑓௫௬௬ = 0
𝑓௬௫௫(−1; 1) = 2 𝑓௬௫௫ = 2
𝑓௬௫௬(−1; 1) = 0 𝑓௬௫௬ = 0
𝑓௬௬௫(−1; 1) = 0 𝑓௬௬௫ = 0
𝑓௬௬௬(−1; 1) = 6 𝑓௬௬௬ = 6
dଷ𝑓(−1; 1) = 0 ⋅ (𝑥 + 1) ⋅ (𝑥 + 1) ⋅ (𝑥 + 1) + 2 ⋅ (𝑥 + 1) ⋅ (𝑥 + 1) ⋅ (𝑦 − 1)

+ 2 ⋅ (𝑥 + 1) ⋅ (𝑦 − 1) ⋅ (𝑥 + 1) + 0 + 2 ⋅ (𝑦 − 1) ⋅ (𝑥 + 1) ⋅ (𝑥 + 1) + 0 + 0 +
+ 6 ⋅ (𝑦 − 1) ⋅ (𝑦 − 1) ⋅ (𝑦 − 1) = 6(𝑥 + 1)ଶ(𝑦 − 1) + 6(𝑦 − 1)ଷ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(−1; 1) = 0; dହ𝑓(−1; 1) = 0; d଺𝑓(−1; 1) = 0; d଻𝑓(−1; 1) = 0; … proto

𝑇(𝐷) = 𝑓(−1; 1) + d𝑓(−1; 1)
1! + dଶ𝑓(−1; 1)

2! + dଷ𝑓(−1; 1)
3! =

−2 − (𝑦 − 1) + (𝑥 + 1)ଶ + 3(𝑦 − 1)ଶ + (𝑥 + 1)ଶ(𝑦 − 1) + (𝑦 − 1)ଷ
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11. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] Rozviňte doMaclaurinovy řady funkci 𝑓(𝑥, 𝑦) = e௫ଶା௬ଶ

(viz poznámka).
𝑓(0; 0) = e଴ଶା଴ଶ = e଴ = 1

𝑓௫(0; 0) = 0 𝑓௫ = e௫ଶା௬ଶ ⋅ 2𝑥 = 2𝑥 ⋅ e௫ଶା௬ଶ

𝑓௬(0; 0) = 0 𝑓௬ = e௫ଶା௬ଶ ⋅ 2𝑦 = 2𝑦 ⋅ e௫ଶା௬ଶ

d𝑓(0; 0) = 0 ⋅ (𝑥 − 0) + 0 ⋅ (𝑦 − 0) = 0

𝑓௫௫(0; 0) = 2 𝑓௫௫ = 2e௫ଶା௬ଶ + 2𝑥e௫ଶା௬ଶ ⋅ 2𝑥 = (2 + 4𝑥ଶ) ⋅ e௫ଶା௬ଶ

𝑓௫௬(0; 0) = 0 𝑓௫௬ = 2𝑥e௫ଶା௬ଶ ⋅ 2𝑦 = 4𝑥𝑦 ⋅ e௫ଶା௬ଶ

𝑓௬௫(0; 0) = 0 𝑓௬௫ = 2𝑦e௫ଶା௬ଶ ⋅ 2𝑥 = 4𝑥𝑦 ⋅ e௫ଶା௬ଶ

𝑓௬௬(0; 0) = 2 𝑓௬௬ = 2e௫ଶା௬ଶ + 2𝑦e௫ଶା௬ଶ ⋅ 2𝑦 = (2 + 4𝑦ଶ) ⋅ e௫ଶା௬ଶ

dଶ𝑓(0; 0) = 2𝑥ଶ+2𝑦ଶ = 2 ⋅ (𝑥ଶ+𝑦ଶ) = 2 ⋅ 1!1! ⋅ (𝑥
ଶ+𝑦ଶ) = 2!

1! ⋅ (𝑥
ଶ+𝑦ଶ) = 2! ⋅ 𝑥

ଶ + 𝑦ଶ
1!

𝑓௫௫௫(0; 0) = 0 𝑓௫௫௫ = 8𝑥e௫ଶା௬ଶ + (2 + 4𝑥ଶ)e௫ଶା௬ଶ ⋅ 2𝑥 = (12𝑥 + 8𝑥ଷ) ⋅ e௫ଶା௬ଶ

𝑓௫௫௬(0; 0) = 0 𝑓௫௫௬ = (2 + 4𝑥ଶ)e௫ଶା௬ଶ ⋅ 2𝑦 = (4𝑦 + 8𝑥ଶ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௫௬௫(0; 0) = 0 𝑓௫௬௫ = 4𝑦e௫ଶା௬ଶ + 4𝑥𝑦e௫ଶା௬ଶ ⋅ 2𝑥 = (4𝑦 + 8𝑥ଶ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௫௬௬(0; 0) = 0 𝑓௫௬௬ = 4𝑥e௫ଶା௬ଶ + 4𝑥𝑦e௫ଶା௬ଶ ⋅ 2𝑦 = (4𝑥 + 8𝑥𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௬௫௫(0; 0) = 0 𝑓௬௫௫ = 4𝑦e௫ଶା௬ଶ + 4𝑥𝑦e௫ଶା௬ଶ ⋅ 2𝑥 = (4𝑦 + 8𝑥ଶ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௬௫௬(0; 0) = 0 𝑓௬௫௬ = 4𝑥e௫ଶା௬ଶ + 4𝑥𝑦e௫ଶା௬ଶ ⋅ 2𝑦 = (4𝑥 + 8𝑥𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௬௬௫(0; 0) = 0 𝑓௬௬௫ = (2 + 4𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑥 = (4𝑥 + 8𝑥𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௬௬௬(0; 0) = 0 𝑓௬௬௬ = 8𝑦e௫ଶା௬ଶ + (2 + 4𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑦 = (12𝑦 + 8𝑦ଷ) ⋅ e௫ଶା௬ଶ

dଷ𝑓(0; 0) = 0

𝑓௫௫௫௫(0; 0) = 12 𝑓௫௫௫௫ = (12 + 24𝑥ଶ)e௫ଶା௬ଶ + (12𝑥 + 8𝑥ଷ)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (12 + 48𝑥ଶ + 16𝑥ସ) ⋅ e௫ଶା௬ଶ

𝑓௫௫௫௬(0; 0) = 0 𝑓௫௫௫௬ = (12𝑥 + 8𝑥ଷ)e௫ଶା௬ଶ ⋅ 2𝑦 = (24𝑥𝑦 + 16𝑥ଷ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௫௫௬௫(0; 0) = 0 𝑓௫௫௬௫ = 16𝑥𝑦e௫ଶା௬ଶ + (4𝑦 + 8𝑥ଶ𝑦)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (24𝑥𝑦 + 16𝑥ଷ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௫௫௬௬(0; 0) = 4 𝑓௫௫௬௬ = (4 + 8𝑥ଶ)e௫ଶା௬ଶ + (4𝑦 + 8𝑥ଶ𝑦)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (4 + 8𝑥ଶ + 8𝑦ଶ + 16𝑥ଶ𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௫௬௫௫(0; 0) = 0 𝑓௫௬௫௫ = 16𝑥𝑦e௫ଶା௬ଶ + (4𝑦 + 8𝑥ଶ𝑦)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (24𝑥𝑦 + 16𝑥ଷ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௫௬௫௬(0; 0) = 4 𝑓௫௬௫௬ = (4 + 8𝑥ଶ)e௫ଶା௬ଶ + (4𝑦 + 8𝑥ଶ𝑦)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (4 + 8𝑥ଶ + 8𝑦ଶ + 16𝑥ଶ𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௫௬௬௫(0; 0) = 4 𝑓௫௬௬௫ = (4 + 8𝑦ଶ)e௫ଶା௬ଶ + (4𝑥 + 8𝑥𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (4 + 8𝑥ଶ + 8𝑦ଶ + 16𝑥ଶ𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௫௬௬௬(0; 0) = 0 𝑓௫௬௬௬ = 16𝑥𝑦e௫ଶା௬ଶ + (4𝑥 + 8𝑥𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (24𝑥𝑦 + 16𝑥𝑦ଷ) ⋅ e௫ଶା௬ଶ
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𝑓௬௫௫௫(0; 0) = 0 𝑓௬௫௫௫ = 16𝑥𝑦e௫ଶା௬ଶ + (4𝑦 + 8𝑥ଶ𝑦)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (24𝑥𝑦 + 16𝑥ଷ𝑦) ⋅ e௫ଶା௬ଶ

𝑓௬௫௫௬(0; 0) = 4 𝑓௬௫௫௬ = (4 + 8𝑥ଶ)e௫ଶା௬ଶ + (4𝑦 + 8𝑥ଶ𝑦)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (4 + 8𝑥ଶ + 8𝑦ଶ + 16𝑥ଶ𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௬௫௬௫(0; 0) = 4 𝑓௬௫௬௫ = (4 + 8𝑦ଶ)e௫ଶା௬ଶ + (4𝑥 + 8𝑥𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (4 + 8𝑥ଶ + 8𝑦ଶ + 16𝑥ଶ𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௬௫௬௬(0; 0) = 0 𝑓௬௫௬௬ = 16𝑥𝑦e௫ଶା௬ଶ + (4𝑥 + 8𝑥𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (24𝑥𝑦 + 16𝑥𝑦ଷ) ⋅ e௫ଶା௬ଶ

𝑓௬௬௫௫(0; 0) = 4 𝑓௬௬௫௫ = (4 + 8𝑦ଶ)e௫ଶା௬ଶ + (4𝑥 + 8𝑥𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑥 =
= (4 + 8𝑥ଶ + 8𝑦ଶ + 16𝑥ଶ𝑦ଶ) ⋅ e௫ଶା௬ଶ

𝑓௬௬௫௬(0; 0) = 0 𝑓௬௬௫௬ = 16𝑥𝑦e௫ଶା௬ଶ + (4𝑥 + 8𝑥𝑦ଶ)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (24𝑥𝑦 + 16𝑥𝑦ଷ) ⋅ e௫ଶା௬ଶ

𝑓௬௬௬௫(0; 0) = 0 𝑓௬௬௬௫ = (12𝑦 + 8𝑦ଷ)e௫ଶା௬ଶ ⋅ 2𝑥 = (24𝑥𝑦 + 16𝑥𝑦ଷ) ⋅ e௫ଶା௬ଶ

𝑓௬௬௬௬(0; 0) = 12 𝑓௬௬௬௬ = (12 + 24𝑦ଶ)e௫ଶା௬ଶ + (12𝑦 + 8𝑦ଷ)e௫ଶା௬ଶ ⋅ 2𝑦 =
= (12 + 48𝑦ଶ + 16𝑦ସ) ⋅ e௫ଶା௬ଶ

dସ𝑓(0; 0) = 12𝑥𝑥𝑥𝑥+0+0+4𝑥𝑥𝑦𝑦+0+4𝑥𝑦𝑥𝑦+4𝑥𝑦𝑦𝑥+0+0+4𝑦𝑥𝑥𝑦+4𝑦𝑥𝑦𝑥+0+
+ 4𝑦𝑦𝑥𝑥 + 0 + 0 + 12𝑦𝑦𝑦𝑦 =

= 12(𝑥ସ + 2𝑥ଶ𝑦ଶ + 𝑦ସ) = 4 ⋅ 3ถ
ଵଶ

⋅2!2! ⋅ (𝑥
ଶ + 𝑦ଶ)ଶ = 4!

2! ⋅ (𝑥
ଶ + 𝑦ଶ)ଶ

𝑀 = 𝑓(0; 0) + d𝑓(0; 0)
1! + dଶ𝑓(0; 0)

2! + dଷ𝑓(0; 0)
3! + dସ𝑓(0; 0)

4! + ⋯ =

= 1 + 0 +
2! ⋅ (௫

ଶା௬ଶ)
ଵ!

2! + 0 +
4! ⋅ (௫

ଶା௬ଶ)ଶ
ଶ!

4! + 0 +
6! ⋅ (௫

ଶା௬ଶ)ଷ
ଷ!

6! + … =

= 1 + (𝑥ଶ + 𝑦ଶ)
1! + (𝑥ଶ + 𝑦ଶ)ଶ

2! + (𝑥ଶ + 𝑦ଶ)ଷ
3! + (𝑥ଶ + 𝑦ଶ)ସ

4! + (𝑥ଶ + 𝑦ଶ)ହ
5! + ⋯

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST – BA002: Taylorův rozvoj funkcí více proměnných str. 18 z 21

12. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] V okolı́ středu 𝐸 = [1;−3] rozviňte do Taylorovy řady funkci

𝑓(𝑥, 𝑦) = 𝑥ଷ + 𝑥𝑦 − 𝑦 − 1

𝑓(1;−3) = 1ଷ + 1 ⋅ (−3) − (−3) − 1 = 0

𝑓௫(1;−3) = 0 𝑓௫ = 3𝑥ଶ + 𝑦
𝑓௬(1;−3) = 0 𝑓௬ = 𝑥 − 1

d𝑓(1;−3) = 0 ⋅ (𝑥 − 1) + 0 ⋅ (𝑦 + 3) = 0

𝑓௫௫(1;−3) = 6 𝑓௫௫ = 6𝑥
𝑓௫௬(1;−3) = 1 𝑓௫௬ = 1
𝑓௬௫(1;−3) = 1 𝑓௬௫ = 1
𝑓௬௬(1;−3) = 0 𝑓௬௬ = 0

dଶ𝑓(1;−3) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 1 ⋅ (𝑥 − 1) ⋅ (𝑦 + 3) + 1 ⋅ (𝑦 + 3) ⋅ (𝑥 − 1) +
+ 0 ⋅ (𝑦 + 3) ⋅ (𝑦 + 3) = 6(𝑥 − 1)ଶ + 2(𝑦 + 3)

𝑓௫௫௫(1;−3) = 6 𝑓௫௫௫ = 6
𝑓௫௫௬(1;−3) = 0 𝑓௫௫௬ = 0
𝑓௫௬௫(1;−3) = 0 𝑓௫௬௫ = 0
𝑓௫௬௬(1;−3) = 0 𝑓௫௬௬ = 0
𝑓௬௫௫(1;−3) = 0 𝑓௬௫௫ = 0
𝑓௬௫௬(1;−3) = 0 𝑓௬௫௬ = 0
𝑓௬௬௫(1;−3) = 0 𝑓௬௬௫ = 0
𝑓௬௬௬(1;−3) = 0 𝑓௬௬௬ = 0

dଷ𝑓(1;−3) = 6 ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) ⋅ (𝑥 − 1) + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 6(𝑥 − 1)ଷ

Všechny dalšı́ parciálnı́ derivace jsou rovny nule,

dସ𝑓(1;−3) = 0; dହ𝑓(1;−3) = 0; d଺𝑓(1;−3) = 0; d଻𝑓(1;−3) = 0; … proto

𝑇(𝐸) = 𝑓(1;−3) + d𝑓(1;−3)
1! + dଶ𝑓(1;−3)

2! + dଷ𝑓(1;−3)
3! =

3(𝑥 − 1)ଶ + (𝑥 − 1)(𝑦 + 3) + (𝑥 − 1)ଷ
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13. [𝑥 ∈ ℝ ; 𝑦 ∈ ℝ] Rozviňte doMaclaurinovy řady funkci

𝑓(𝑥, 𝑦) = sin(𝑥ଶ + 𝑦ଶ)

𝑓(0; 0) = sin(0ଶ + 0ଶ) = sin 0 = 0

𝑓௫(0; 0) = 0 𝑓௫ = cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 = 2𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௬(0; 0) = 0 𝑓௬ = cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 = 2𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

d𝑓(0; 0) = 0 ⋅ (𝑥 − 0) + 0 ⋅ (𝑦 − 0) = 0 ⋅ 𝑥 + 0 ⋅ 𝑦 = 0

𝑓௫௫(0; 0) = 2 𝑓௫௫ = 2 ⋅ cos(𝑥ଶ + 𝑦ଶ) − 2𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =
= 2 ⋅ cos(𝑥ଶ + 𝑦ଶ) − 4𝑥ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ)

𝑓௫௬(0; 0) = 0 𝑓௫௬ = −2𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 = −4𝑥𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ)
𝑓௬௫(0; 0) = 0 𝑓௬௫ = −2𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 = −4𝑥𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ)
𝑓௬௬(0; 0) = 2 𝑓௬௬ = 2 ⋅ cos(𝑥ଶ + 𝑦ଶ) − 2𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =

= 2 ⋅ cos(𝑥ଶ + 𝑦ଶ) − 4𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ)

dଶ𝑓(0; 0) = 2 ⋅ 𝑥ଶ + 0 ⋅ 𝑥𝑦 + 0 ⋅ 𝑦𝑥 + 2 ⋅ 𝑦ଶ = 2 ⋅ (𝑥ଶ + 𝑦ଶ) = 2
1! ⋅ (𝑥

ଶ + 𝑦ଶ)

𝑓௫௫௫(0; 0) = 0 𝑓௫௫௫ = −2 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 − 8𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) −
−4𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 = −12𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥ଷ ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௫௫௬(0; 0) = 0 𝑓௫௫௬ = −2 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 − 4𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =
= −4𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥ଶ𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௫௬௫(0; 0) = 0 𝑓௫௬௫ = −4𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =
= −4𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥ଶ𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௫௬௬(0; 0) = 0 𝑓௫௬௬ = −4𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =
= −4𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௫௫(0; 0) = 0 𝑓௬௫௫ = −4𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =
= −4𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥ଶ𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௫௬(0; 0) = 0 𝑓௬௫௬ = −4𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =
= −4𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௬௫(0; 0) = 0 𝑓௬௬௫ = −2 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 − 4𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =
= −4𝑥 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑥𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௬௬(0; 0) = 0 𝑓௬௬௬ = −2 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 − 8𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) −
−4𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 = −12𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 8𝑦ଷ ⋅ cos(𝑥ଶ + 𝑦ଶ)

dଷ𝑓(0; 0) = 0 ⋅ 𝑥ଷ + 0 ⋅ 𝑥ଶ𝑦 + 0 ⋅ 𝑥𝑦𝑥 + 0 ⋅ 𝑥𝑦ଶ + 0 ⋅ 𝑦𝑥ଶ + 0 ⋅ 𝑦𝑥𝑦 + 0 ⋅ 𝑦ଶ𝑥 + 0 ⋅ 𝑦ଷ = 0
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𝑓௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫ = −12 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 12𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 −
−24𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =

= (16𝑥ସ − 12) ⋅ sin(𝑥ଶ + 𝑦ଶ) − 48𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௫௫௫௬(0; 0) = 0 𝑓௫௫௫௬ = −12𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 + 8𝑥ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =

= 16𝑥ଷ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௫௫௬௫(0; 0) = 0 𝑓௫௫௬௫ = −4𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 − 16𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) +

+ 8𝑥ଶ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 = 16𝑥ଷ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௫௫௬௬(0; 0) = 0 𝑓௫௫௬௬ = −4 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 −

−8𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥ଶ𝑦 sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =
= (16𝑥ଶ𝑦ଶ − 4) ⋅ sin(𝑥ଶ + 𝑦ଶ) + (−8𝑥ଶ − 8𝑦ଶ) ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௫௬௫௫(0; 0) = 0 𝑓௫௬௫௫ = −4𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 − 16𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) +
+8𝑥ଶ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 = 16𝑥ଷ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௫௬௫௬(0; 0) = 0 𝑓௫௬௫௬ = −4 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 −
−8𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥ଶ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =

= (16𝑥ଶ𝑦ଶ − 4) ⋅ sin(𝑥ଶ + 𝑦ଶ) + (−8𝑥ଶ − 8𝑦ଶ) ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௫௬௬௫(0; 0) = 0 𝑓௫௬௬௫ = −4 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 −

−8𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =
= (16𝑥ଶ𝑦ଶ − 4) ⋅ sin(𝑥ଶ + 𝑦ଶ) + (−8𝑥ଶ − 8𝑦ଶ) ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௫௬௬௬(0; 0) = 0 𝑓௫௬௬௬ = −4𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 − 16𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) +
+ 8𝑥𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 = 16𝑥𝑦ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௫௫௫(0; 0) = 0 𝑓௬௫௫௫ = −4𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 − 16𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) +
+8𝑥ଶ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 = 16𝑥ଷ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௫௫௬(0; 0) = 0 𝑓௬௫௫௬ = −4 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 −
−8𝑥ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥ଶ𝑦 ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =

= (16𝑥ଶ𝑦ଶ − 4) ⋅ sin(𝑥ଶ + 𝑦ଶ) + (−8𝑥ଶ − 8𝑦ଶ) ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௬௫௬௫(0; 0) = 0 𝑓௬௫௬௫ = −4 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 −

−8𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =
= (16𝑥ଶ𝑦ଶ − 4) ⋅ sin(𝑥ଶ + 𝑦ଶ) + (−8𝑥ଶ − 8𝑦ଶ) ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௫௬௬(0; 0) = 0 𝑓௬௫௬௬ = −4𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 − 16𝑥𝑦 cos(𝑥ଶ + 𝑦ଶ) +
+8𝑥𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 = 16𝑥𝑦ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)

𝑓௬௬௫௫(0; 0) = 0 𝑓௬௬௫௫ = −4 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 4𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 −
−8𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑥𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =

= (16𝑥ଶ𝑦ଶ − 4) ⋅ sin(𝑥ଶ + 𝑦ଶ) + (−8𝑥ଶ − 8𝑦ଶ) ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௬௬௫௬(0; 0) = 0 𝑓௬௬௫௬ = −4𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 − 16𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) +

+8𝑥𝑦ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 = 16𝑥𝑦ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௬௬௬௫(0; 0) = 0 𝑓௬௬௬௫ = −12𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 + 8𝑦ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =

= 16𝑥𝑦ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) − 24𝑥𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௬௬௬௬(0; 0) = 0 𝑓௬௬௬௬ = −12 ⋅ sin(𝑥ଶ + 𝑦ଶ) − 12𝑦 ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 −

−24𝑦ଶ ⋅ cos(𝑥ଶ + 𝑦ଶ) + 8𝑦ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑦 =
= (16𝑦ସ − 12) ⋅ sin(𝑥ଶ + 𝑦ଶ) − 48𝑦ଶ cos(𝑥ଶ + 𝑦ଶ)

dସ𝑓(0; 0) = 0 ⋅ 𝑥ସ + 4 ⋅ 0 ⋅ 𝑥ଷ𝑦 + 6 ⋅ 0 ⋅ 𝑥ଶ𝑦ଶ + 4 ⋅ 0 ⋅ 𝑥𝑦ଷ + 0 ⋅ 𝑦ସ = 0
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𝑓௫௫௫௫௫(0; 0) = 0 𝑓௫௫௫௫௫ = 64𝑥ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) + (16𝑥ସ − 12) ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥−
−96𝑥 ⋅ cos(𝑥ଶ + 𝑦ଶ) + 48𝑥ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥 =

= 160𝑥ଷ ⋅ sin(𝑥ଶ + 𝑦ଶ) + (32𝑥ହ − 120𝑥) ⋅ cos(𝑥ଶ + 𝑦ଶ)
𝑓௫௫௫௫௬(0; 0) = 0 …
⋮

dହ𝑓(0; 0) = 0 ⋅ 𝑥ହ + 0 ⋅ 𝑥ସ𝑦 + … = 0

𝑓௫௫௫௫௫௫(0; 0) = −120 𝑓௫௫௫௫௫௫ = 480𝑥ଶ ⋅ sin(𝑥ଶ + 𝑦ଶ) + 160𝑥ଷ ⋅ cos(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥+
+(160𝑥ସ − 120) ⋅ cos(𝑥ଶ + 𝑦ଶ)−
−(32𝑥ହ − 120𝑥) sin(𝑥ଶ + 𝑦ଶ) ⋅ 2𝑥

𝑓௫௫௫௫௫௬(0; 0) = 0 …
⋮

d଺𝑓(0; 0) = −120 ⋅ 𝑥଺+0 ⋅ 𝑥ହ ⋅ 𝑦+…−40 ⋅ 𝑥ସ ⋅ 𝑦ଶ+…−40 ⋅ 𝑥ଷ ⋅ 𝑦 ⋅ 𝑥 ⋅ 𝑦+…−120 ⋅ 𝑦଺ =
= −120𝑥଺ − 360𝑥ସ𝑦ଶ − 360𝑥ଶ𝑦ସ − 120𝑦଺ = −120 ⋅ (𝑥଺ + 3𝑥ସ𝑦ଶ + 3𝑥ଶ𝑦ସ + 𝑦଺) =

= −6 ⋅ 5 ⋅ 4ᇣᇧᇤᇧᇥ
ଵଶ଴

⋅3!3! ⋅ (𝑥
ଶ + 𝑦ଶ)ଷ

⋮

𝑀 = 𝑓(0; 0) + d𝑓(0; 0)
1! + dଶ𝑓(0; 0)

2! + dଷ𝑓(0; 0)
3! + ⋯ =

= 0 + 0 +
2! ⋅ (௫

ଶା௬ଶ)
ଵ!

2! + 0 + 0 + 0 +
−6! ⋅ (௫

ଶା௬ଶ)ଷ
ଷ!

6! + 0 + … =

= (𝑥ଶ + 𝑦ଶ)
1! − (𝑥ଶ + 𝑦ଶ)ଷ

3! + (𝑥ଶ + 𝑦ଶ)ହ
5! − (𝑥ଶ + 𝑦ଶ)଻

7! + (𝑥ଶ + 𝑦ଶ)ଽ
9! − ⋯

Poznámka
Rozvineme pro 𝑡 = 0 funkci (jedné proměnné) sin 𝑡 a do výsledku dosadı́me za

𝑡 = 𝑥ଶ + 𝑦ଶ .
𝑓 = sin 𝑡 𝑓(0) = 0
𝑓ᇱ = cos 𝑡 𝑓ᇱ(0) = 1
𝑓” = − sin 𝑡 𝑓”(0) = 0
𝑓(ଷ) =− cos 𝑡 𝑓(ଷ)(0) = −1
𝑓(ସ) = sin 𝑡 𝑓(ସ)(0) = 0
𝑓(ହ) = cos 𝑡 𝑓(ହ)(0) = 1
𝑓(଺) =− sin 𝑡 𝑓(଺)(0) = 0
𝑓(଻) =− cos 𝑡 𝑡(଻)(0) = −1

⋮

sin 𝑡 = 𝑡
1! −

𝑡ଷ
3! +

𝑡ହ
5! −

𝑡଻
7! +

𝑡ଽ
9! − ⋯
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