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Totalni diferencial vyjadruje zavislost zmény hodnoty funkce nékolika
(n) proménnych na malé zméné jedné nebo vice proménnych smérem
od daného bodu.

JestliZe totalni diferencidl v daném bodé existuje, rikdme, Ze funkce v daném bodé ma
totalni diferencial nebo Ze je v daném bodé diferencovatelna.

JestliZe ma funkce f (x4, x5, ..., x,) najistém okolibodu X[x4, x5, ..., X,]
spojité vSechny parcialni derivace, pak ma vbodé X totalni diferencial.

1. [xeR; yeR] Vbodé A =[1;—2] napiSte totalni diferencial funkce

f(x,y) = 6xy? — 2x3 — 3y3.

fe(1,=2)= 18 f, =6y®—6x”
fy(1;,=2) = =60 f, = 12xy — 9y?

df(1;,-2) =18 (x — 1) — 60 - (¥ + 2)

Jestlize ma funkce f(xq,x5,...,X,) najistém okoli bodu X = [xq,x3,...,x,] total-
ni diferencial a zaroven parcialni derivace fy , fx,, .-, fx, maji na jistém okoli stejného
bodu X také totalni diferencialy, pak rikame, Ze f(xq, x5, ...,x,) ma v bodé X totalni
diferencial druhého radu (strucné jen druhy diferencidl).

Druhy diferencial dostaneme formalné jako diferencial prvého diferen-
cialu.

2. [xeR;yeR] Vbodé A = [1;—2] napiSte totdlni diferenciadl druhého radu
funkce
f(x,y) = 6xy? — 2x3 — 3y3.

fe(1,=2)= 18 f, = 6y? — 6x?
fy(1;=2) = =60 f, = 12xy — 9y?

fex(L,=2) = =12 fi = —12x
fxy(:l; —2)=-24 fxy =12y
fyx(l; —2)=-24 fyx =12y
fry(L,=2)= 48 f,, =12x — 18y

d?f(1;-2)=-12-(x—-1)-(x—1)—-24-(x—-1)-(y+2)—24-(y+2)-(x—1) +
+48-(y+2)-(y+2)

d2f(1;-2) = =12 - (x — 1)2 —48- (x — 1)(y + 2) + 48 - (y + 2)?
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3. [xeR;yeR] Vbodé A = [1;—2] napiSte treti totdlni diferencial funkce
f(x,y) = 6xy? — 2x3 — 3y3.

fr(1,=2) = 18 f, = 6y* — 6x?
fy(1;,=2) = =60 f, = 12xy — 9y?

fex (L, =2) = =12 fi, = —12x
fxy(l; —2)=-24 fxy =12y
fyx(l; —2)=-24 fyx =12y
fyy(l; —2)= 48 fyy = 12x — 18y

frxx(1;=2) = =12 fip, = —12
fxxy(l; —2) = 0 fxxy =0
fxyx(l; -2) = 0 fxyx =0
fxyy(l; -2)= 12 fxyy =12
fyxx(l; -2) = 0 fyxx =0
fyxy(l; -2)= 12 fyxy =12
fyyx(li —-2)= 12 fyyx =12
fyyy(l; —-2)=-18 fyyy = —18

dBf(;-2)=-12-(x-1)-(x—1D - (x—1D+0+0+12-(x—1)-(y+2)-(y+2)+0+
+12-(y+2)- (x—=1)-(y+2)+12-(y+2) - (y+2)- (x—1)—18-(y+2)-(y+2)- (y+2)

ABf(;-2)=-12-(x—13+4+36-(x—1)-(y+2)>*-18-(y + 2)3

Dale pak
d*f(1;-2) = d*f(1;-2) = d°F (1, -2) = d°f(L;-2) = ...
protoZe vSechny dalsi parcialni derivace jsou rovny nule.

4. [xeR; y€eR] Vbodé B = [5;6] napiste druhy totalni diferencial funkce
flx,y) =x3+y%2—6xy—39x + 18y + 4.

£.(56)=0 f, =3x2—6y—39
£,(5:6)=0 f,=2y—6x+18

fxx(5;6) = 30 fyr = 6x

fxy(S; 6) = —6 fxy =—6
fyx(si 6) = —6 fyx =—6
fyy(5;6) = 2 fyy = 2

d?f(5;6) =30-(x=5) - (x =5 —6-(x=5) - (y—6)—6-(y—6)-(x —5) +
+2-(y—-6)-(y—6)
d2f(5;6) = 30(x — 5)2 — 12(x — 5)(y — 6) + 2(y — 6)2
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5. [x€eR; yeR] Vbodé C = [1;—2] napisSte treti totdlni diferencial funkce

flx,y) =x3+y%2—6xy—39x + 18y + 4.

fo(1;-2) = —24 f, =3x%— 6y — 39
fy(1;=2)= 8 f,=2y—6x+18

fix(LL,=2) = 6 fyr = 6x
fxy(l; —2)=-6 fxy =—6
fyx(li -2)=-6 fyx =—6
fyry(=2)= 2 f,, = 2

fexx(1,=2) =6 fuxxy =6
fxxy(l; -2)=0 fxxy =0
fxyx(l; -2)=0 fxyx =0
fxyy(l; -2)=0 fxyy =0
fyxx(l; -2)=0 fyxx =0
fyxy(l; -2)=0 fyxy =0
fyyx(l; -2)=0 fyyx =0
fryy(L=2) =0 fyy, =0

dBf(1;-2)=6-(x—-1) - (x—1)-(x—1)+0+0+0+0+0+0+0

B3f(1;-2) = 6(x — 1)3

6. [xER; yeR] Vbodé D = [1;2] napiste druhy totalni diferencial funkce

f(x,y) =x3+y?—6xy —39x + 18y + 4.

fo(1;2) = —48 f, =3x*—-6y—39
f(;2)= 16 f,=2y—6x+18
fix(L,2) = 6 fio = 6x
fxy(li 2)=-6 fxy —6
fyx(l; 2)=-6 fyx =—6
fry(2)= 2 fyy= 2

PfL2)=6x-1D x-D-6-(x-1)-@y-2)-6-y—2)-(x—1+
+2-(y=-2)-(v+2)

d?f(1;2) =6(x —1)2 = 12(x — 1)(y — 2) + 2(y — 2)?
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7. [x€eR; yeR] Vbodé P = [0;0] napiSte ¢tvrty totalni diferencial funkce

fx,y) =e**.

f(0;0)=1 f, =&V .1=¢e"Y
f,(0;0) =1 f, =" .1=¢e""

fix(0;0) =1 fix = eV .1 =e"Y
fey(0;0) =1 fi, =Y. 1=e""
fyx(0;0) =1 f,, =Y. 1=e""
fyy(0;0) =1 f,, ="V .1=¢e""

faxx(0;0) =1 fixx = eXty

fxxy(O; 0)=1 fxxy
fxyx(O; 0)=1 fxyx

ex+y
ex+y

fxyy(O; 0)=1 fxyy = e**Y

fyxx(oi 0)=1 fyxx
fyxy(O; 0)=1 fyxy

ex+y
ex+y

fyyx(0;0) =1 fyy, =™

fyyy(O; 0)=1 fyyy

frxxx(0;0) =1
fxxxy(O; 0)=1
fxxyx(O; 0)=1
fxxyy(O; 0)=1
fxyxx(O; 0)=1
fxyxy(or' 0)=1
fxyyx(O; 0)=1
fxyyy(O; 0)=1
fyxxx(O; 0)=1
fyxxy(O; 0)=1
fyxyx(O; 0)=1
fyxyy(O; 0)=1
fyyxx(O; 0)=1
fyyxy(O; 0)=1
fyyyx(oi 0)=1
fyyyy(0;0) =1

d*f(0;0)=1-x-
+1-x-y-x
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— Xty
frxxx = e*ty
fxxxy = Xt
fxxyx = Xty
fxxyy = e**Y
fxyxx = e*Y
fxyxy = e*tY
fxyyx = e*tY
feyyy =€
fyxxx = Xty
fyxxy = e**Y
fyxyx = e**Y
fyxyy =€
fyyxx =¥ty
fyyxy = €
fyyyx = €7
fyyyy = €

xxx+1l-x-x-x-y+1l-x-x-y-x+1-x-x-y-y+

x+1-x-y-x-y+1l-x-y-y-x+1-x-y-y-y+1-y-x-x-x+
+.1 .y XX -

y.+.1 .y X .y X +.1 .y X .y .y.+.1 .y .y XX +.1 .y .y - X .y.+
+1-y-y-y-x+1-y-y-y-y=x*+4x3y + 6x%y? + 4xy> + y*

d*f(0;0) = (x + y)*
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8. [xeR; yeR]

f(x,y) =y%+3x2—3y?2 = 3x%y + 12xy — 11x — 9y + 9.

(21 =1 f,=6x—6xy+12y—11
fy(2;1)=0 f, =3y*—6y—3x*+12x—9

fix(2;1) =0 fix =6—6y
fxy(z; 1H)=0 fxy =—6x + 12
fyx(z; 1H)=0 fyx = —6x + 12
fy(21) =0 f,, =6y—6

str. 5 ZE

Vbodé B = [2;1] napiSte treti totalni diferencial funkce

fexx(2;1) = 0 fixxe =0
fxxy(Z; 1)=-6 fxxy =—6
fxyx(Z; 1)=-6 fxyx =—6
fxyy(Z; =0 fxyy =0
fyxx(Z; 1)=-6 fyxx =—6
fyxy(Z; D=0 fyxy =0
fyyx(Z; D=0 fyyx =0
fryy(Z1D) = 6 fiyy =6

CFED=0-6-(x-2) x-2) - -D-6 @-2) -1 (x—2)+0-
—6 (-1 x=2) (=) +0+0+6- (-1 -1 (-1

PfZD=6(-1°-18(x-2)*(y - 1)

9. [x€eR;y€eR]

f(x,y) =sin(x +y).

fx(0;0) =1 f,=cos(x+y)-1=cos(x+y)
fy(0;0)=1 f, =cos(x+y)-1=cos(x+y)

fxx(0;0) =0 fi,, =—sin(x+y) -1=—sin(x+y)
fiy(0;0) =0 fi, =—sin(x+y)-1=—sin(x+y)
fyx(0;0) =0 f,, =—sin(x+y)-1=—sin(x+y)
fyy(0;0) =0 f,, =—sin(x+y)-1=—sin(x +y)
d?f(0;0)=0-x-x+0-x-y+0-y-x+0-y-y

d2f£(0;0) = 0

Vbodé O = [0;0] napiste druhy totalni diferencial funkce
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10. [xER;y

fr(1;2)=0 f,=3x2—6x—-3y?+12y—9
f(2)=1 f,=6y—6xy+12x—11

fex(1;2) =0
fxy(l; 2)=0

str. 6 ZE

€ R] Vbodé A = [1;2] napiste treti totdlni diferencial funkce
flo,y) =x%—3x%+3y? —3xy? + 12xy —9x — 11y + 9.

fex =6x—6
fry = —6y + 12

fre(G2) =0 fp=—6y+12
fy(1,2)=0 f,, =6—6x

frxx(1;2) = 6
fxxy(l; 2)= 0
fxyx(l; 2)= 0
fxyy(li 2)=-6
fyxx(]-; 2)=0
fyxy(l; 2)=-6
fyyx(l; 2)=-6

:2) 0

frxx =6
fxxy =0
fxyx =0
fxyy = —6
fyxx =0
fyxy = —6
fyyx = —6
fyyy =

Bf(2)=6-x—1)-(x-1)-x—1)+04+0-6-(x—1)-(y—2)-(y—2)+0 —
—6-(y=-2)-x-1D)-(y-2)-6-(y-2)--2)-(x=1)+0

d3f(1;2) =6(x — 1) —18(x — 1)(y — 2)?

11. [x e R; y eR]

fe(L-1D)=-1 f,=3x2+y2—-3+2y
H(L-1)= 0 f,=2xy+2x

Vbodé C = [1;—1] napiste tireti totalni diferencial funkce

fle,y) =x3+xy? —3x+2xy+1.

fix(L—1) =6 fir = 6x
fxy(1; -1)=0 fxy =2y+2
fyx(l; -1)=0 fyx =2y +2
fry(L,=1)=2 f,, =2x

fexx(1;—1) =6
fxxy(l; -1)=0
fxyx(l; -1)=0
fxyy(l; -1)=2
fyxx(l; -1)=0
fyxy(1; -1)=2
fyyx(l; -1)=2
fyyy(l; -1)=0

fexx =6
fxxy =0
fxyx =0
fxyy =2
fyxx =0
fyxy =2
fyyx =2
fyyy =0

eBf-D=6-(x—-1)-x—-1-x—1D+0+0+2-(x—-1)-(y+1) - (y+1)+0—
+2-y+D)-x-D-y+DH+2-y+D)-(y+1D)-(x—1)+0
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12. [x€eR; y€R] Vbodé P = [0;0] napiSte ¢tvrty totalni diferencial funkce

f(x,y) = cos(xy).

x(0;0) =0 f, = = —y - sin(xy)

f(0;0)=0 f, = = —x - sin(xy)

fix(0;0) =0 fix = = _yz - cos(xy)

£ (0:0) =0 fy, = = —sin(xy) - xy - cos(x)
00 =0 fyn = = —sin(xy) — xy - cos(xy)
fyy(0;0) =0 f,, = = —x2 - cos(xy)

frexx(0;0) =0 fiyx = = }/3 - sin(xy)

fexy(0;0) =0 frxy =
feyx(00) =0 fryx =
feyy(0;0) =0 fryy =
fyax(0;0) =0 fyxx =
fyxy(0;0) =0 fyry =

fyyx(O; 0)=0 fyyx =

= xy? - sin(xy) — 2y -

— 2

= xy~ - sin(xy) — 2y -

= x“y - sin(xy) — 2x -

=x*y -sin(xy) — 2x -

= x2%y - sin(xy) — 2x -

fyyy(0;0) =0 fyy = = x> - sin(xy)
frxxx(0;0) =0 froxxx = = y4 - cos(xy)

frxxy(0;0) =0 fixxy
fexyx(0:0) =0 fexyx =
fexyy(0;0) = =2 fixyy =
fayxx(0;0) =0 fyypx =
fayxy(0;0) = =2 frypy =
feyyx(0;0) = =2 foyyx =

fxyyy(O; 0)=0 fxyyy =

= 3y? - sin(xy) + xy3 -

= 3y? - sin(xy) + xy> -

= 4xy - sin(xy) + (x%?y? — 2) -

= 3y? - sin(xy) + xy3 -

= 4xy - sin(xy) + (x?y? — 2) -

= 4xy - sin(xy) + (x%?y? — 2) -
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-sin(xy) — 2y -

3x?% - sin(xy) + x3y -

cos(xy)
cos(xy)
cos(xy)
cos(xy)
cos(xy)

cos(xy)

cos(xy)

cos(xy)

cos(xy)

cos(xy)
cos(xy)
cos(xy)

cos(xy)
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fyxxx(oi 0)=0 fyxxx = =
= 3y? - sin(xy) + xy3 - cos(xy)
fyxxy(O; 0) =-2 fyxxy =

fyxyx(ol' 0) =-2 fyxyx =

= 4xy - sin(xy) + (x%y? — 2) - cos(xy)

= 4xy - sin(xy) + (x%y? — 2) - cos(xy)
fyxyy(O; 0)=0 fyxyy = =

= 3x2 - sin(xy) + x3y - cos(xy)
fyyxx(O; 0)=-2 fyyxx =
= 4xy - sin(xy) + (x%y? — 2) - cos(xy)
fyyxy(O; 0)=0 fyyxy = =
= 3x? - sin(xy) + x3y - cos(xy)
fyyyx(0:0) =0 fyy, = =

= 3x? - sin(xy) + x3y - cos(xy)
fyyyy(O; 0)=0 fyyyy = =x*. cos(xy)

d*f(0;0)=0-x-x-x-x+0-x-x-x-y+0-x-x-y-x—2-x-x-y-y+
+0-x-y-x-x—2-X-y-x-y—2-%x-V-V-x+0-x-y-y-y+0-y-x-x-x+
-2y x-xy—2-y-x-y-x+0-y-x-y-y=2-y-y-x-x+0-y-y-x-y+
+0-y yy x+0-y-y-y y=6-(-2x°y%)

d*f(0;0) = —12x2%y?

13. [xeR; yeR] Vbodé D = [—1;1] napiSte druhy totalni diferencial funkce

fl,y)=vy3+x%y+2xy—3y+1.

(L) = 0 fi=2xy+2y
f(=11)=-1 f, =3y*+x*+2x-3
fox(CL1) =2 fi =2y
fiy(=1,1)=0 f, =2x+2

frx(CL1) =0 fi,=2x+2

fyy(_l; 1)=6 fyy = 6y

Pf-51D)=2-x+D)-x+D+0-x+1D)-(y-1D+0-(y=1)- (x+ 1D+
+6-(y-1)-(—-1

d’f(=1;1) = 2(x + 1)* + 6(y — 1)?
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14. [x e R; y € R]

fx(0;0) =0 f,=
fy(oi 0)=0 fy =

fix(0;0) =2 fix =
fxy(O; 0)=0 fxy =
fyx(O; 0)=0 fyx =
fyy(0;0) =2 f, =

fexx(00) =0 fryx =
fxxy(O; 0)=0 fxxy =
fxyx(O; 0)=0 fxyx =
fxyy(O; 0)=0 fxyy =
fyxx((); 0)=0 fyxx =
fyxy(O; 0)=0 fyxy =
fyyx(O; 0)=0 fyyx =
fyyy(0;0) =0 fyyy =

15. [x eR; y eR]

fx(0;0)=0 f,=
fy(O; 0)=0 fy =

fix(0;0) =2 fir =

fxy(O; 0)=0 fxy =
fyx(O; 0)=0 fyx =
fyy(0;0) =2 f, =

str. 9 ZE

Vbodé O = [0;0] napiSte treti totalni diferencial funkce
fooy) = e+,

= 2x - XV
=2y - X’ *V*
= (2 + 4x?2) - X" ¥V’
= 4xy - X+

= 4xy - XV
= (2 + 4y?) - X' +Y”

= (12x + 8x3) - X"+
= (4y + 8x2y) - X" *V°
= (4y + 8x2y) - eX*+V°
= (4x + 8xy?) - X’ +V°
= (4y + 8x2y) - X"+
= (4x + 8xy?) - eX°¥Y°
= (4x + 8xy?) - eX°¥Y°
= (12y + 8y3) - e¥" ¥’

d3f£(0;0) =0

Vbodé P = [0;0] napiste druhy totalni diferencial funkce
f(x,y) = sin(x? + y?).

= 2x - cos(x? + y?)
= 2y - cos(x? + y?)

= 2-cos(x? +y?%) — 4x? - sin(x? + y?)
= —4xy - sin(x? + y?)
= —4xy - sin(x? + y?)

= 2-cos(x? + y?) — 4y? - sin(x? + y?)

d?f(0;0)=2-x2+0-xy+0-yx+2-y?
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d?f(0;0) =2 - (x%2 +y?)
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