FAST - BA0O2: Integrace goniometrickych funkci

str. 1 z@

1. Najdéte neurcity integral j sinxcosxdx D()=R
Zde je nékolik zplisobii resSeni:
1.1. Substituce tgg =t
x x t ¢
V pravouhlém trojuhelniku pro thel > je: tg 21 AX
t
Tim mame stanoveny velikosti obou odvésen.
Velikost prepony urcime podle Pythagorovy véty. x/2
1
tggzt x=2arctgt
x dy = 2 dt 1 1—t’—dt
a_z — 14¢2 coszg 2 dx
jsinxcosxdx= o2 _ ) t 1 2t
sin2a =2sinacosa sinx = . =
Vi+tZ Ji+e2 1487
s ot sz () - (i) <
cos 2a = cos“a — sin“a cosx = - =
1+ ¢2 1+ ¢2 1+t

y

2t 1-—t? f At+B Ct+D N Et+F
1+t2 1+¢t2 1+t2 1+1t2 (1+t2)2 (1+1t2)3

2t-(1—t*)-2=(At+B)-(1+t>)?>+(Ct+D)- (1 +t}) +Et+F

4t —4t3=(At+B)- 1+ 2t +tYH + (Ct+D)- (1 +t>) +Et+F

t5: 0=A4
t* 0=B
¢3 —4=24+C = C=—4
2 0=2B+D = D=0
t 4=A+C+E ' g=p
t=0 0=B+D+F = F=o0
=j—_2 2tdt+f—4 srde=| YTITE
(1 + t?)? (1+1t?)3 dy = 2tdt

1 Pokud tg;f =t apoZadujeme vyjadrit x (v zavislostina t),

3T —-T X
x (— —) S = arctgt —m
tak funkce tg = neni prosta na celém svém defini¢nim oboru.
i z (_—1I E) : = = arctgt
Proto k ni neexistuje inverzni funkce. Pro kazdy ,kousek” 2 2’2 8
je inverzni funkce jina (viz pravy sloupec), ale derivace x n 3w
dic ) EE(E;T): - = arctgt+m

T IT e je stejnd pro libovolné x  (Vx) .
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-1 -2

-2 4 5 _3 y y
= y—z dy+ F dy= —Zy dy+ 4_’)/ dy=—2_—1+4_—2+C1=
2 2 2y — 2 2(1+ %) — 2 2¢2 2tg?>
Ty ytaT Ty taT Tagey taTgyeptaT et
y.y (1+ tgz—)
2
sin® X :
2 2 .2 2 X
cosZ X sin® = cos” = . X x
=—2t S+ =2 2. ——2—>% | +c1=2sin“= cos?= +¢; =
sin? % coszg c0525+51n > 2 2
Cosz92_f 1
1 . X , X 1 X x\? 1.,
=§<451n E-cos §>+C1=§<251n§-cos§) +01=ESIH x+cq
1.2. Substituce tgx =1t
. o . . t (i
V pravouhlém trojuhelniku pro thel x je: tgx = 1 AX
t
Tim mame stanoveny velikosti obou odvésen.
Velikost prepony ur¢ime podle Pythagorovy véty. X
1
t=tgx
1 t
fsinxcosxdx= dt = oz &x sinx= 2 =J ‘. ! . ! dt =
v 1+t Vi+tZ V1+¢2 1+¢82
1 1
dx = dt cosx=
— 1+¢ 1+1¢2
1+t?=z .
t 2tdt = dz t 1 1f 1 z7
f(1+t2)2 ) Z pWTg)E s g ra
dt =—dz
2t
= ! +cy = ! +c, = ! +cy = ! +
T 2T Ty T AT T2+ gy 2T 2<1+sm2x) C2
2
COoSs“ X
cos? x N 1 N 1 N 1 -
=— c=|c;==+c|=—zcos*x+ = 1=
2(cos?x +sinx) 2720 2 2 !
1
1 1

2 . 2 2 1 .2
= —= oS x+§-(sm x + cos x)+01=§sm xX+cq
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1.3. Metoda per partes

_ u=sinx v' =cosx
sinx cosx dx =

, ) =sinxsinx—fcosxsinxdx
u =cosx v=sinx

[ sinx cos x dx = sinx sinx — [ sinx cos x dx

. . 2
2 [ sinx cosx dx = sin” x

. 1.2 1 .2
fsmxcosxdxzzsm X+c3= |3 =c1| =5sin"x+c

1.4. Substituce sinx =y

sinx =y y?
fsinxcosxdx=fsinx-cosxdx= cosx dx = dy =jydy=7+c4=
_sin2x+ _ _ _1_2+
> c4—|c4—c1|—251nx c1
1.5. Substituce cosx =w
cosx =w

fsinxcosxdxz —fcosx-(—sinx)dx= —sinxdx = dw

=—fwdw=

W+ cosx+ 1+ coszx+1+
= —— Ce = — Ce = |Ce = — C = — — Cqa =
2 5 2 5 5T 1 2 2 1
coszx+sin2x+coszx+ 1 ., N
= — ¢ ==sin“x+c
2 2 172 1
1.6. Pomoci vzorce sinZ2a = 2sina cosa
2x =2z
- 1 : 1r. 2dx = dz
smxcosxdxzz Zsmxcosxdx:E sin 2x dx = - =
dx = Zdz

T2

_1f_ 1d 1 +_12+_12 P ) 4 =
=3 sinz 5 zZ= 4cosz Ce = 4cosx Co = 4(cosx sin“ x) + ¢cg =

1
C6=Z+C1

1 1
= _Z(COSZ x — sin® x) + Z(sin2 x+cos?x)+c = > sin®x + ¢;
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Dalsi priklady na integrovani goniometrickych funkci

2. [x % (2k + 1] f1+sinx q f 1+ sinx d
. [x i — dx = x =
1+ cosx 2 X 22X x
(sm 2+cos 2)+C0522
J‘ 1+ sinx q f1+sinx q
sin®Z 4+ cos2 X + cos2 Z —sin? 2 2cos2 X
2 2 2 2 2
x x_
1 1 1  sin2= 2 =W
~3) e 3 ot ] xm -
2 2 dx =2dw
1f 2 d+1f25in2wd
- w — w =
2 ) cos?w 2 cos?w
1 2sinw cosw sinw
= 5 dw + — dw = tgw + 2 dw =
Ccos*w Ccos® w cosw
_ 2J—smw _tx (cosw)’d _tx 51 b
gZ cosw W= gZ cosw W= gZ nfcosw|+c=

x x\?
= th—ln(cosE) +c

3. [x€E€R] f cosS x - sin® x dx = f(cos2 x)% - cosx - sin® x dx =

2 S
=f(1—sin2x) -sin®x - cosx dx = cossazréi:J(,iy =f(1—y2)2y2dy=
oy Yy
=f(1—2y2+y4)-y2dy=f(y2—2y4+y6)dy=?—2?+7+c=
1 2 1
=§sin3x—§sin5x+;sin7x+c
4 cR f sin® x dx = (—sinzx)-(—sinx) _
- [xeR] 1+cos2x % 1+ cos? x B
_ (COSZX—].) . dx = cosx =y _ y2—1 dy =
_f 1+c052xw_ —sinxdx = dy _fy2+1 Y=
(OGP +D -2 _j f B
=) Tyrr1r WE ) -2 ey W=

=y —2arctgy +c = cosx — 2arctg (cosx) + ¢
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tgx=u sinx =

_ sinx + 2cosx 2
5. [x# arctg—1+kn]ﬁ f . dx = 1 u1+1 i=
2 cosx + 2sinx dx = du cosx =
14+u? u?+1
u + 2
:f vu?+1l  vu?+1 | 1 :f ut2 . 1 du =
Lo 2 142 14+2u 1+4+u?
u2+1 vuz+1
u+?2 _ A +Bu+C
1+2u)(1+u?) 1+2u 1+u?
u+2=A1+u?) + (Bu+C)(1+ 2u)
2 2 4 5
u=0: 2=A+C C=3
u? : 0=4+2B B=-2

P chued
=f + du =

1+ 2u 1+ u?

_3f 2, 3J2ud+4] 1
5 1+ YT 10) T M5 T T

3@ +2w) 3 ((1+u?)

4
5) Tr20 W10 Ty Qutgarceus

3 3 4
= gln(l + 2u) — 1—01n(1 +u?) + garctg(tgx) +c=
3 (1+2tgx)? 4

= _ln—~=-°" 4~
0" 1+ tg2x +5x+c

1 1 1
6. eR —_— dx = t = = . dv =
[x ] f1+3c052x x | tgx=v |f f1_|_ 3 142 VY

v2+1

v =aw
dv =2dw

1
= | a2

—f 2 d—1 t +—1 tgo + _1 t(tgx)+
=) zwzED w=zarctgw + ¢ = sarctg 5 +c = Sarctg | — c

_f v?2+1 1d—f1d—
) D +3 1+2 VT ) v ra VT

2 Defini¢ni obor: cosx + 2sinx # 0
2sinx # —cosx

sinx 1

Ccos X 2
tgx* -2
3 Viz ptiklad 1.2.
*Viz priklad 5.
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7. [x €R] jcos‘*x -sin®xdx = jcos“x . (—sin®*x) - (—sinx) dx =

— 4., 20 1Y . (— i _ cosx =y _ 40,2 _ —
_fcos x-(cos*x—1)-(—sinx)dx _sinxdx = dy .[y (y*—1)dy
7 5
y y 1 1
_ 6 _ 4 -7 _ _ 7 — 78— Z 5
f(y y*)dy 7 5+c 7cosx 5cos x+c
— cin? 2
Coszx=1+6252x 1 =sin" x + cos“ x
8. [xE]R]fcoszx-sinzxdxz = cos2x = cos?x —sin’x |=
. 2 _1—C052x
SIn X =75 ‘1+c052x=2coszx ‘
1+cos4x
_f1+c052x 1—c052xd _fl—cosZZXd —fl_Td B
- 2 2 x= 4 x= 4 x=
4x =v
1 2—1-—-cos4x 1 =
=—f dx=—f(1—cos4x)dx= 4dx=dv |_
4 2 8 1
dx =-dv
4
1 1] 1d_1 1_+_1 in 4 +
=gX—g|cosv-gdv=gx—osinvtc=gx—osindx+c

9. [x€R] fsin3x-coszxdx=f—sinzx-(—sinx)-coszxdxz

COSx =w

—sinxdx = dw |= .[(Wz—l)wz dw =

=f—(1—coszx)-coszx-(—sinx)dx=

f 4d .[ 2d we_w +c 1cossx 1cos3x+c
= | wrdw - | w2dw = — — — == - =
5 3 5 3

s
10. [pro xe<0;z>] fsingx-\/9cos4‘xsin2x+9sin4xcoszx dx =

1

.3 . 2 .2 .3 :
=fsm x-\/9sm x cos? x (cos? x + sin x)dxzfsm x-3sinx-cosxdx =

5

v 3
=3fv4dv=3?+c=§sin5x+c

sinx=v

. 4
=3fsm x-cosxdx =| cosxdx = dv
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Defini¢nim oborem 5 1
11. . : dx =
se nebudeme zabyvat sin® x + 3sinx cosx + 2 cos? x
tgx=u sinx = ——
- 12
- ) “ | (vizpiiklad 1.2)) =
dx = ™y du cosx = T
1 1 f u?+1 1 q
— . e . u =
u? u 1 1 1+4u? u?+3u+2 1+u?

e 3 v T Y

B 1 dy = 1 1 dy =
_f(u+1)(u+2) u_f<u+1_u+2> w=

_J‘ u+1) @W@+2) du=1 41 | A de=] u+1
N u+1 u-+2 u = Inu ) n(u ) C_nu+2

+c=

tgx +1
n————+c¢
tgx + 2

2 —sinx 2 —sinx
12. [x € R] f— dx=f—dx+f—dx—
2+ cosx 2+ cosx

2+ cosx
X _ . _ 2t
2 (2 + cosx)’ g, =t SINX = e
=f2+cosx dx+f 2+ cosx dx = 2dt 1-t? b=
dx=— cosx=-—
1+t 1+t
2 2
:J‘2+1—_t2'1+t2 dt +In(2 + cos x) =ln(2+cosx)+f R T R dt =
1+t2
4 t:\/§U 4
=ln(2+cosx)+.[m dt = dt = v3 dv =1n(2+cosx)+f 3v2+3-\/§dv=
43 43
=1n(2+cosx)+Tf 211 dv=ln(2+cosx)+Tarctgv+c=
w3 ot

+c

In(2 + )+4\/§ tg—— + ¢ = In(2 + cos x) + t
=1n COS X — arc e Cc =1In COS X arc
3 T8 3 R

> Kofeny jmenovatele nepatfi do defini¢niho oboru. Prvni odhad hodnoty né&jakého kofene jmenovatele
provedeme grafickou metodou. Ten potom zpresnime napiiklad metodou bisekce (ptileni intervalu)

a nasledné zohlednime periodicitu goniometrickych funkeci.

6 Viz priklad 1.1.
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1 Defini¢nim oborem ﬁ 1+ 2sinx dy =
se nebudeme zabyvat sinx +3cosx + 3 x=
X . 2t
B Qo = 29¢ 12 43 1+t B
X=Tie OSYT % 1+t2 1+t2
1+t2+4t ) )
_ 14¢2 2 _[ttH4At+1 1+t 2 B
T ) 2t43-32+3+3t2 | 4 ¢2 - 1+t2 2t+6 1+t2 de =
1+t?

_J‘t2+4t+1 2 dt—f A +Bt+C dt =
) 2(t+3) 14+t J\t+3  1+¢2 B

t24+4t+1=A-1+t)+Bt+0)-(t+3)

t=—3: 9-124+1=A4-(1+9) A=—2
A
t=0: 1=A4+3C = C=§
2 A 6
1
= 5 f t+§ dt = (t+3) t+3 2t dt+2f ! dt =
t+3 1+ t2 5] t+3 5) 1+¢t2 5) 1+t2
(1+t2)

1 3 2
———ln|t+3|+—ln(1+t2)+ arctgt+c— glnm+§arctgt+c—

x 3
l%sg(g)
2

14. [x € R] fsin3 x dx = fsin2 x - (sinx) dx = f(l — cos? x) - (sinx) dx =

COSX =W
=f(coszx—1)-(—sinx) dx =| (—sinx)dx = dw |= f(w —1dw =
1 1
=§W3—W+C=§COS3X—COSX+C

7 Viz poznamka B,
8 Viz priklad 1.1.

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST - BA0O2: Integrace goniometrickych funkci str 9 z 9

tgx=u sinx =

k‘l‘[ 1 2
15. [x# —] f4— dx = ) S
2 sin” x - cos* x dx = du cosx =
uz+1 uz+1
4 4
_j‘ 1 1 @+ Dz + 1)
) () ) et
)\

u? +1)3 ub +3ut +3u? +1
=f¥du=j Z du=J(u2+3+3u_2+u_4)du=
u u

1oy 1 3 1

1 u
=-u3+3 33—+ — = —tg3 3tgx — —— —
3u+u+ _1+_3+c 3gx+ gXx tax  3tgdx

+c

9 Viz priklad 1.2.
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