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1. a) [𝑥 ∈ (−2 ; 2)] න 𝑥
√4 − 𝑥2

d𝑥 =
4 − 𝑥2 = 𝑠
−2𝑥 d𝑥 = d𝑠

d𝑥 = −1
2𝑥 d𝑠

= න 𝑥
√𝑠

⋅ −12𝑥 d𝑠 =

= −12 න𝑠−
1
2 d𝑠 = −12 ⋅ 𝑠

1
2

1
2
+ 𝑐 = −√𝑠 + 𝑐 = − ඥ4 − 𝑥2 + 𝑐

1. b) [𝑥 ∈ (−2 ; 2)] න 𝑥
√4 − 𝑥2

d𝑥 =

√4 − 𝑥2 = 𝑡
4 − 𝑥2 = 𝑡2
−2𝑥 d𝑥 = 2𝑡 d𝑡

d𝑥 = −𝑡
𝑥 d𝑡

= න 𝑥
𝑡 ⋅

−𝑡
𝑥 d𝑡 =

= −න d𝑡 = −𝑡 + 𝑐 = − ඥ4 − 𝑥2 + 𝑐

2. a) [𝑥 ∈ ℝ] න 2𝑥 − 1
√1 − 𝑥 + 𝑥2

d𝑥 =

1 − 𝑥 + 𝑥2 = 𝑢
(−1 + 2𝑥) d𝑥 = d𝑢

d𝑥 = 1
2𝑥−1 d𝑢

=

= න 2𝑥 − 1
√𝑢

⋅ 1
2𝑥 − 1 d𝑢 = න𝑢−

1
2 d𝑢 = 𝑢

1
2

1
2

= 2 ⋅ ඥ1 − 𝑥 + 𝑥2 + 𝑐

2. b) [𝑥 ∈ ℝ] න 2𝑥 − 1
√1 − 𝑥 + 𝑥2

d𝑥 =

√1 − 𝑥 + 𝑥2 = 𝑣
1 − 𝑥 + 𝑥2 = 𝑣2

(−1 + 2𝑥) d𝑥 = 2𝑣 d𝑣
d𝑥 = 2𝑣

2𝑥−1 d𝑣

=

= න 2𝑥 − 1
𝑣 ⋅ 2𝑣

2𝑥 − 1 d𝑣 = 2න d𝑣 = 2𝑣 + 𝑐 = 2 ⋅ ඥ1 − 𝑥 + 𝑥2 + 𝑐
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3. [𝑥 ∈ (0 ; 1) ∪ (1 ; ∞)] න √𝑥
3√𝑥2 − 4√𝑥

d𝑥 = න 𝑥
1
2

𝑥
2
3 − 𝑥

1
4

d𝑥 =

= ተ 12;
2
3;

1
4 ⇒ nejmenšı́ společný jmenovatel je 12 ⟹

12√𝑥 = 𝑧
𝑥 = 𝑧12

d𝑥 = 12𝑧11 d𝑧
ተ =

= න (𝑧12)
1
2

(𝑧12)
2
3 − (𝑧12)

1
4
12𝑧11 d𝑧 = 12න 𝑧6

𝑧8 − 𝑧3 𝑧11 d𝑧 = 12න 𝑧17
𝑧3(𝑧5 − 1) d𝑧 =

= 12න 𝑧14
𝑧5 − 1 d𝑧 = 12න 𝑧10

𝑧5 − 1 𝑧4 d𝑧 =
ተ

ተ

𝑧5 − 1 = 𝑡
𝑧5 = 𝑡 + 1

5𝑧4 d𝑧 = d𝑡
𝑧4 d𝑧 = 1

5 d𝑡
𝑧10 = (𝑧5)2

ተ

ተ
=

= 12න (𝑡 + 1)2
𝑡 ⋅ 15 d𝑡 = 12

5 න 𝑡2 + 2𝑡 + 1
𝑡 d𝑡 = 12

5 නቆ𝑡 + 2 + 1
𝑡 ቇ d𝑡 =

= 12
5 ቆ𝑡

2

2 + 2𝑡 + ln |𝑡|ቇ + 𝑐 = 12
10 ൣ(𝑧

5 − 1)2 + 4(𝑧5 − 1) + 2 ln |(𝑧5 − 1)|൧ + 𝑐 =

= 12
10 ቈቀ

12ඥ𝑥5 − 1ቁ
2
+ 4ቀ12ඥ𝑥5 − 1ቁ + ln ቀ12ඥ𝑥5 − 1ቁ

2
቉ + 𝑐

4. [𝑥 ∈ (−1 ; 5)] න 1
√4𝑥 + 5 − 𝑥2

d𝑥 = න 1
ඥ5 − (𝑥2 − 4𝑥)

d𝑥 =

= න 1
ඥ5 − (𝑥2 − 4𝑥 + 4 − 4)

d𝑥 = න 1
ඥ5 − (𝑥2 − 4𝑥 + 4) + 4

d𝑥 =

= න 1
ඥ9 − (𝑥 − 2)2

d𝑥 = න 1

ට9 ቂ1 − (𝑥−2)2
9 ቃ

d𝑥 = න 1

√9 ⋅ ට1 − ቀ𝑥−23 ቁ
2

d𝑥 =

= 1
3 න

1

ට1 − ቀ𝑥−23 ቁ
2

d𝑥 =

𝑥−2
3 = 𝑦
𝑥 = 3𝑦 + 2

d𝑥 = 3 d𝑦
= 1
3 න

1
ඥ1 − 𝑦2

⋅ 3 d𝑦 = arcsin𝑦 + 𝑐 =

= arcsin 𝑥 − 2
3 + 𝑐
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5. [𝑥 ∈ (−2 ; 2)] න 𝑥2

√4 − 𝑥2
d𝑥 =

𝑥 = 2 sin𝑦
d𝑥 = 2 cos𝑦 d𝑦
𝑥
2 = sin𝑦

arcsin 𝑥
2 = 𝑦

=

= න (2 sin𝑦)2

ඥ4 − (2 sin𝑦)2
⋅ 2 cos𝑦 d𝑦 = න 4 sin2 𝑦

ට4 − 4 sin2 𝑦
⋅ 2 cos𝑦 d𝑦 =

= න 8 sin2 𝑦 ⋅ cos𝑦

√4 ⋅ ට1 − sin2 𝑦
d𝑦 = න 8 sin2 𝑦 ⋅ cos𝑦

2 ⋅ ඥcos2 𝑦
d𝑦 =

= 4න sin2 𝑦 ⋅ cos𝑦
| cos𝑦| d𝑦 =

arcsin 𝑥
2 = 𝑦

𝐻 ቀarcsin 𝑥
2ቁ = ർ−π

2 ;
π
2 ඀

ቀ−π
2 ;

π
2ቁ = 𝐷(𝑦)

cos𝑦 > 0

= 4න sin2 𝑦 ⋅ cos𝑦
cos𝑦 d𝑦 =

= 4න sin2 𝑦 d𝑦 = 4න 1 − cos2𝑦
2 d𝑦 = 2න d𝑦−න cos2𝑦 ⋅ 2 d𝑦 =

2𝑦 = 𝑧
2d𝑦 = d𝑧 =

= 2𝑦 − න cos 𝑧 d𝑧 = 2 arcsin 𝑥2 − sin 𝑧 + 𝑐 = 2 arcsin 𝑥2 − sin 2𝑦 + 𝑐 =

= 2 arcsin 𝑥2 − 2 sin𝑦 ⋅ cos𝑦 + 𝑐 = 2 arcsin 𝑥2 − 2 ⋅ 𝑥2 ⋅ ට1 − sin2 𝑦 + 𝑐 =

= 2 arcsin 𝑥2 − 𝑥 ⋅ ඨ1 − ൬𝑥2൰
2
+ 𝑐 = 2 arcsin 𝑥2 − 𝑥 ⋅ ඨ4 − 𝑥2

4 + 𝑐 =

= 2 arcsin 𝑥2 − 𝑥
2 ⋅ ඥ4 − 𝑥2 + 𝑐
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6. a) [𝑥 ∈ (−∞ ; −2⟩ ∪ ⟨2; ∞)] නඥ𝑥2 − 4 d𝑥 =

=

√𝑥2 − 4 = 𝑣 − 𝑥
𝑥2 − 4 = 𝑣2 − 2𝑣𝑥 + 𝑥2
2𝑣𝑥 = 𝑣2 + 4
𝑥 = 𝑣2+4

2𝑣

d𝑥 = 2𝑣(2𝑣)−(𝑣2+4)2
(2𝑣)2 d𝑣

d𝑥 = 𝑣2−4
2𝑣2 d𝑣

𝑥 + √𝑥2 − 4 = 𝑣

= නቆ𝑣 − 𝑣2 + 4
2𝑣 ቇ ⋅ 𝑣

2 − 4
2𝑣2 d𝑣 =

= න [2𝑣2 − (𝑣2 + 4)] ⋅ (𝑣2 − 4)
2𝑣 ⋅ 2𝑣2 d𝑣 = න (𝑣2 − 4)2

4𝑣3 d𝑣 = න 𝑣4 − 8𝑣2 + 16
4𝑣3 d𝑣 =

= න 𝑣4
4𝑣3 d𝑣 − 8

4 න
𝑣2
𝑣3 d𝑣 + න 16

4𝑣3 d𝑣 = 1
4 න𝑣 d𝑣 − 2න 1

𝑣 d𝑣 + 4න𝑣−3 d𝑣 =

= 1
4 ⋅ 𝑣

2

2 − 2 ln |𝑣| + 4 ⋅ 𝑣
−2

−2 + 𝑐 = 𝑣2
8 − ln 𝑣2 − 2

𝑣2 + 𝑐 =

= 𝑣4 − 16
8𝑣2 − ln 𝑣2 + 𝑐 =

ቀ𝑥 + √𝑥2 − 4ቁ
4
− 16

8 ቀ√𝑥2 − 4 + 𝑥ቁ
2 − ln ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
+ 𝑐 = … =

= 𝑥
2 ⋅ ඥ𝑥2 − 4 − ln ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
+ 𝑐 ¹

¹ Tento výsledek dává webová stránka
https://www.wolframalpha.com/input/?i=integrate+sqrt(x^2‐4)
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6. b) [𝑥 ∈ (−∞ ; −2⟩ ∪ ⟨2; ∞)] නඥ𝑥2 − 4 d𝑥 =

𝑥 = 2
sin𝑤 = 2 sin−1𝑤

d𝑥 = −2 sin−2𝑤 ⋅ cos𝑤 d𝑤

d𝑥 = −2 cos𝑤
sin2𝑤 d𝑤

sin𝑤 = 2
𝑥

𝑤 = arcsin 2
𝑥 ⇒ 𝑤 ∈ (−π

2 ;
π
2 )

= නඨቆ 2
sin𝑤ቇ

2
− 4 ⋅ −2 cos𝑤

sin2𝑤
d𝑤 = නඨ4(1 − sin2𝑤)

sin2𝑤
⋅ −2 cos𝑤

sin2𝑤
d𝑤 =

= න √4 ⋅ ඥ1 − sin2𝑤
ඥsin2𝑤

⋅ −2 cos𝑤
sin2𝑤

d𝑤 =

ඥ1 − sin2𝑤 = 𝑧
1 − sin2𝑤 = 𝑧2

sin2𝑤 = 1 − 𝑧2
sin𝑤 = √1 − 𝑧2

√cos2𝑤 = 𝑧
| cos𝑤| = 𝑧

𝑤 ∈ … ∶ cos𝑤 = 𝑧
− sin𝑤 d𝑤 = d𝑧

d𝑤 = −1
√1 − 𝑧2

d𝑧

=

= න 2𝑧
√1 − 𝑧2

⋅ −2𝑧
1 − 𝑧2 ⋅

−1
√1 − 𝑧2

d𝑧 = න 4𝑧2

(1 − 𝑧2)2
d𝑧 = න 4𝑧2

(𝑧2 − 1)2
d𝑧 =

= න 4𝑧2

[(𝑧 + 1)(𝑧 − 1)]2
d𝑧 = න ቈ 𝐴

𝑧 + 1 + 𝐵
(𝑧 + 1)2 +

𝐶
𝑧 − 1 + 𝐷

(𝑧 − 1)2 ቉ d𝑧 =

4𝑧2 = 𝐴(𝑧 + 1)(𝑧 − 1)2 + 𝐵(𝑧 − 1)2 + 𝐶(𝑧 + 1)2(𝑧 − 1) + 𝐷(𝑧 + 1)2
𝑧 = 1 ∶ 4 = 4𝐷 𝐷 = 1

𝑧 = −1 ∶ 4 = 4𝐵 𝐵 = 1
𝑧3 ∶ 0 = 𝐴 + 𝐶 𝐴 = −𝐶

𝑧 = 0 ∶ 0 = 𝐴 + 𝐵 − 𝐶 + 𝐷
0 = 𝐴 + 1 + 𝐴 + 1 𝐴 = −1

𝐶 = 1

= නቈ −1
𝑧 + 1 + 1

(𝑧 + 1)2 +
1

𝑧 − 1 + 1
(𝑧 − 1)2 ቉ d𝑧 =
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= −න (𝑧 + 1)′
𝑧 + 1 d𝑧 + න 1

(𝑧 + 1)2 d𝑧 + න (𝑧 − 1)′
𝑧 − 1 d𝑧 + න 1

(𝑧 − 1)2 d𝑧 =

= 𝑧 + 1 = 𝑢 𝑧 − 1 = 𝑣
d𝑧 = d𝑢 d𝑧 = d𝑣 = − ln |𝑧 + 1| + න 1

𝑢2 d𝑢 + ln |𝑧 − 1| + න 1
𝑣2 d𝑣 =

= ln |𝑧 − 1|
|𝑧 + 1| + න𝑢−2 d𝑢 + න𝑣−2 d𝑣 = ln |𝑧 − 1|

|𝑧 + 1| +
𝑢−1
−1 + 𝑣−1

−1 + 𝑐 =

= ln ቤ𝑧 − 1
𝑧 + 1ቤ −

1
𝑢 − 1

𝑣 + 𝑐 = ln ቤ𝑧 − 1
𝑧 + 1 ⋅ 𝑧 − 1

𝑧 − 1ቤ −
1

𝑧 + 1 − 1
𝑧 − 1 + 𝑐 =

= ln ቤ𝑧
2 − 2𝑧 + 1
𝑧2 − 1 ቤ − (𝑧 − 1) + (𝑧 + 1)

𝑧2 − 1 + 𝑐 = ln ቤ𝑧
2 − 2𝑧 + 1
𝑧2 − 1 ቤ − 2𝑧

𝑧2 − 1 + 𝑐 =

= ln ቮ1 − sin2𝑤 − 2 ⋅ ඥ1 − sin2𝑤 + 1
1 − sin2𝑤 − 1

ቮ − 2 ⋅ ඥ1 − sin2𝑤
1 − sin2𝑤 − 1

+ 𝑐 =

= ln ተተ
1 − ቀ2𝑥ቁ

2
− 2 ⋅ ට1 − ቀ2𝑥ቁ

2
+ 1

1 − ቀ2𝑥ቁ
2
− 1

ተተ −
2 ⋅ ට1 − ቀ2𝑥ቁ

2

1 − ቀ2𝑥ቁ
2
− 1

+ 𝑐 =

= ln ቮቌ1 − 4
𝑥2 − 2 ⋅ ඨ1 − 4

𝑥2 + 1ቍ ⋅ 𝑥
2

−4ቮ − ቌ2 ⋅ ඨ1 − 4
𝑥2ቍ ⋅ 𝑥

2

−4 + 𝑐 =

= 𝑥
2 ⋅ ඥ𝑥2 − 4 − ln ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
+ 𝑐

6. c) [𝑥 ∈ (−∞ ; −2⟩ ∪ ⟨2; ∞)] නඥ𝑥2 − 4 d𝑥 =
𝑥 = e𝑦 + e−𝑦

d𝑥 = (e𝑦 − e−𝑦) d𝑦
=

= නඥ(e𝑦 + e−𝑦)2 − 4 ⋅ (e𝑦 − e−𝑦) d𝑦 =

= නඨe2𝑦 + 2 e2𝑦e−2𝑦ᇣᇧᇤᇧᇥ
e0=1

+e−2𝑦 − 4 ⋅ (e𝑦 − e−𝑦) d𝑦 =
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= නඥ(e𝑦 − e−𝑦)2 ⋅ (e𝑦 − e−𝑦) d𝑦 = න |e𝑦 − e−𝑦| ⋅ (e𝑦 − e−𝑦) d𝑦
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

𝒥

=

𝒜 ∶ 𝑦 > 0 ⟹ 𝒥 = න(e𝑦 − e−𝑦) ⋅ (e𝑦 − e−𝑦) d𝑦 = න(e𝑦 − e−𝑦)2 d𝑦 =

= න(e2𝑦 − 2 + e−2𝑦) d𝑦 = 1
2 ⋅ e2𝑦 − 2𝑦 + 1

−2 ⋅ e−2𝑦 + 𝑐1 =

Jestliže: 𝑥 = e𝑦 + e−𝑦 pak: 𝑦 = ln ቀ𝑥2 +
1
2 ⋅ √𝑥

2 − 4ቁ , protože:

𝑥 = eln
𝑥+ඥ𝑥2−4

2 + e− ln 𝑥+ඥ𝑥2−4
2 = eln

𝑥+ඥ𝑥2−4
2 + e

lnቆ𝑥+ඥ𝑥
2−4

2 ቇ
−1

=

= 𝑥 + √𝑥2 − 4
2 + 2

𝑥 + √𝑥2 − 4
= 𝑥 + √𝑥2 − 4

2 + 2
𝑥 + √𝑥2 − 4

⋅ 𝑥 − √𝑥2 − 4
𝑥 − √𝑥2 − 4

=

= 𝑥 + √𝑥2 − 4
2 +

2 ⋅ ቀ𝑥 − √𝑥2 − 4ቁ
𝑥2 − (𝑥2 − 4) = 𝑥 + √𝑥2 − 4

2 +
2 ⋅ ቀ𝑥 − √𝑥2 − 4ቁ

4 = 𝑥

= 1
2 ⋅ e2 lnቀ𝑥2+

1
2 ⋅√𝑥

2−4ቁ − 2 lnቆ𝑥2 + 1
2 ⋅ ඥ𝑥2 − 4ቇ − 1

2 ⋅ e−2 lnቀ𝑥2+
1
2 ⋅√𝑥

2−4ቁ + 𝑐1 =

= 1
2 ⋅ቆ

𝑥
2 + 1

2 ⋅ ඥ𝑥2 − 4ቇ
2
− lnቆ𝑥2 + 1

2 ⋅ ඥ𝑥2 − 4ቇ
2
− 1

2 ⋅ ቀ𝑥2 +
1
2 ⋅ √𝑥

2 − 4ቁ
2 +𝑐1 =

= 1
8 ⋅ ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
− 2

ቀ𝑥 + √𝑥2 − 4ቁ
2 ⋅

ቀ𝑥 − √𝑥2 − 4ቁ
2

ቀ𝑥 − √𝑥2 − 4ቁ
2 −

− ln ቈቀ𝑥 + ඥ𝑥2 − 4ቁ ⋅ 12቉
2
+ 𝑐1 =

= 1
8 ⋅ ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
−
2 ⋅ ቀ𝑥2 − √𝑥2 − 4ቁ

2

[𝑥2 − (𝑥2 − 4)]2
− ln ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
+ ln 4 + 𝑐1ᇣᇧᇧᇤᇧᇧᇥ

𝑐
=

= 1
8 ⋅ ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
−
ቀ𝑥2 − √𝑥2 − 4ቁ

2

8 − ln ቀ𝑥 + ඥ𝑥2 − 4ቁ
2
+ 𝑐 =

=
𝑥2 + 2𝑥√𝑥2 − 4+(𝑥2 − 4)− ቂ𝑥2 − 2𝑥√𝑥2 − 4+(𝑥2 − 4)ቃ

8 −ln ቀ𝑥 + ඥ𝑥2 − 4ቁ
2
+𝑐 =

= 𝑥
2 ⋅ ඥ𝑥2 − 4 − ln ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
+ 𝑐 =
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ℬ ∶ 𝑦 > 0 ⟹ 𝒥 = න−(e𝑦 − e−𝑦) ⋅ (e𝑦 − e−𝑦) d𝑦 =

= −න(e2𝑦 − 2 + e−2𝑦) d𝑦 = −න(e𝑦 − e−𝑦)2 d𝑦 = −න(e2𝑦 − 2 + e−2𝑦) d𝑦 =

= −12 ⋅ e2𝑦 + 2𝑦 − 1
−2 ⋅ e−2𝑦 + 𝑐2 =

= −12 ⋅ e2 lnቀ𝑥2+
1
2 ⋅√𝑥

2−4ቁ + 2 lnቆ𝑥2 + 1
2 ⋅ ඥ𝑥2 − 4ቇ + 1

2 ⋅ e−2 lnቀ𝑥2+
1
2 ⋅√𝑥

2−4ቁ + 𝑐2 =

= −12 ቆ
𝑥
2 + 1

2 ⋅ ඥ𝑥2 − 4ቇ
2
+lnቆ𝑥2 + 1

2 ⋅ ඥ𝑥2 − 4ቇ
2
+12 ቆ

𝑥
2 + 1

2 ⋅ ඥ𝑥2 − 4ቇ
−2
+𝑐2 =

= … = 𝑥
2 ⋅ ඥ𝑥2 − 4 − ln ቀ𝑥 + ඥ𝑥2 − 4ቁ

2
+ 𝑐

6. d) [𝑥 ∈ (−∞ ; −2⟩ ∪ ⟨2; ∞)] නඥ𝑥2 − 4 d𝑥 = නඥ(𝑥 + 2) ⋅ (𝑥 − 2) d𝑥 =

= නඨ(𝑥 + 2)2 ⋅ 𝑥 − 2
𝑥 + 2ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

pro 𝑥 ≠ −2

d𝑥 =

ተ

ተ

ተ

ተ

ተ

ට𝑥−2
𝑥+2 = 𝑢 , kde 𝑢 ∈ ⟨0 ; 1) , pro 𝑥 ∈ ⟨2 ;∞)
𝑥−2
𝑥+2 = 𝑢2

a 𝑢 ∈ (1 ;∞) , pro 𝑥 ∈ (−∞ ;−2)

𝑥 − 2 = 𝑢2(𝑥 + 2)
𝑥 − 𝑢2𝑥 = 2𝑢2 + 2

𝑥(1 − 𝑢2) = 2𝑢2 + 2

𝑥 = 2𝑢2 + 2
1 − 𝑢2

d𝑥 = 4𝑢(1−𝑢2)−(2𝑢2+2)(−2𝑢)
(1−𝑢2)2

d𝑢

d𝑥 = 8𝑢
(1 − 𝑢2)2

d𝑢

ተ

ተ

ተ

ተ

ተ

= නඨቆ2𝑢
2 + 2

1 − 𝑢2 + 2ቇ
2
⋅ 𝑢2 ⋅ 8𝑢

(1 − 𝑢2)2
d𝑢 = නඨቆ 4

1 − 𝑢2ቇ
2
⋅ ඥ𝑢2 ⋅ 8𝑢

(1 − 𝑢2)2 d𝑢 =

= න 4
|1 − 𝑢2| ⋅ 𝑢 ⋅

8𝑢
(1 − 𝑢2)2 d𝑢 = න 32𝑢2

|1 − 𝑢2| ⋅ (1 − 𝑢2)2 d𝑢
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ℐ

=
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𝒜 ∶ 𝑢 ∈ ⟨0 ; 1) ⟹ ℐ = න 32𝑢2
(1 − 𝑢2) ⋅ (1 − 𝑢2)2 d𝑢 = න 32𝑢2

(1 − 𝑢2)3 d𝑢 =

= න 32𝑢2
[(1 + 𝑢)(1 − 𝑢)]3 d𝑢

32𝑢2
[(1+𝑢)(1−𝑢)]3 =

𝐴
1+𝑢 +

𝐵
(1+𝑢)2 +

𝐶
(1+𝑢)3 +

𝐷
1−𝑢 +

𝐸
(1−𝑢)2 +

𝐹
(1−𝑢)3

32𝑢2 = 𝐴(1+𝑢)2(1−𝑢)3+𝐵(1+𝑢)(1−𝑢)3+𝐶(1−𝑢)3+𝐷(1+𝑢)3(1−𝑢)2+𝐸(1+𝑢)3(1−𝑢)+𝐹(1+𝑢)3

𝑢 = −1 ∶ 32 = 8𝐶 ⟹ 𝐶 = 4
𝑢 = 1 ∶ 32 = 8𝐹 ⟹ 𝐹 = 4

32𝑢2=𝐴(1+2𝑢+𝑢2)(1−𝑢)3+𝐵(1+𝑢)(1−𝑢)3+𝐶(1−3𝑢+3𝑢2−𝑢3)+
+𝐷(1+𝑢)3(1−2𝑢+𝑢2)+𝐸(1+𝑢)3(1−𝑢)+𝐹(1+3𝑢+3𝑢2+𝑢3)

𝑢5 ∶ 0 = −5𝐴 + 5𝐷 𝐴 = 𝐷
𝑢2 ∶ 32 = 𝐴(3 − 6 + 1) + 𝐵(3 − 3) + 𝐶(3) + 𝐷(3 − 6 + 1) + 𝐸(−3 + 3) + 𝐹(3)

32 = −2𝐷 + 4 ⋅ 3 − 2𝐷 + 4 ⋅ 3 𝐴, 𝐷 = −2
𝑢4 ∶ 0 = 𝐴(3 − 2) + 𝐵(−1) + 𝐷(3 − 2) + 𝐸(−1)

0 = −2 ⋅ 1 − 𝐵 − 2 ⋅ 1 − 𝐸 𝐵 = −4 − 𝐸
𝑢1 ∶ 0 = 𝐴(2 − 3) + 𝐵(1 − 3) + 𝐶(−3) + 𝐷(3 − 2) + 𝐸(3 − 1) + 𝐹(3)

0 = −2 ⋅ (−1) + (−4 − 𝐸) ⋅ (−2) + 4 ⋅ (−3) − 2 ⋅ 1 + 2𝐸 + 4 ⋅ 3 𝐵, 𝐸 = −2

= නቈ −2
1 + 𝑢 + −2

(1 + 𝑢)2 +
4

(1 + 𝑢)3 +
−2
1 − 𝑢 + −2

(1 − 𝑢)2 +
4

(1 − 𝑢)3 ቉ d𝑢 =

= 1 + 𝑢 = 𝑣 1 − 𝑢 = 𝑤
d𝑢 = 𝑑𝑣 − d𝑢 = d𝑤 =

= −2න 1
𝑣 d𝑣 −2න𝑣−2 d𝑣 +4න𝑣−3 d𝑣 +2න 1

𝑤 d𝑤+2න𝑤−2 d𝑤−4න𝑤−3 d𝑤 =

= −2 ln |𝑣| − 2𝑣
−1

−1 + 4𝑣
−2

−2 + 2 ln |𝑤| + 2𝑤
−1

−1 − 4𝑤
−2

−2 + 𝑐 =

= 2
𝑣 −

2
𝑣2 −

2
𝑤 + 2

𝑤2 − ln 𝑣2+ ln𝑤2+𝑐 = 2𝑣 − 2
𝑣2 + −2𝑤 + 2

𝑤2 −(ln 𝑣2− ln𝑤2)+𝑐 =

= 2𝑣 − 2
𝑣2 − 2𝑤 − 2

𝑤2 − ln 𝑣2
𝑤2 +𝑐 = 2(1 + 𝑢) − 2

(1 + 𝑢)2 − 2(1 − 𝑢) − 2
(1 − 𝑢)2 − ln (1 + 𝑢)2

(1 − 𝑢)2 +𝑐 =

= 2𝑢
(1 + 𝑢)2 +

2𝑢
(1 − 𝑢)2 − lnቆ1 + 𝑢

1 − 𝑢ቇ
2
+ 𝑐 =

=
2 ⋅ ට𝑥−2

𝑥+2

ቆ1 + ට𝑥−2
𝑥+2ቇ

2 +
2 ⋅ ට𝑥−2

𝑥+2

ቆ1 − ට𝑥−2
𝑥+2ቇ

2 − ln⎛

⎝

1 + ට𝑥−2
𝑥+2

1 − ට𝑥−2
𝑥+2

⎞

⎠

2

+ 𝑐 = … =

= 𝑥
2 ⋅ ඥ𝑥2 − 4 − ln ቀ2𝑥 + 2 ⋅ ඥ𝑥2 − 4ቁ

2
+ 𝑐 ²

ℬ ∶ 𝑢 ∈ (1 ;∞) ⟹ ℐ = න…
² Tento výsledek dává webová stránka
http://um.mendelu.cz/maw‐html/index.php?lang=cs&form=integral&function=
sqrt(x^2‐4)
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7. [𝑥 ∈ ⟨−2 ; −1) ∪ (−1; ∞)] න 𝑥 + 1
𝑥 + √𝑥 + 2

d𝑥 =

√𝑥 + 2 = 𝑣
𝑥 + 2 = 𝑣2

𝑥 = 𝑣2 − 2
d𝑥 = 2𝑣 d𝑣

=

= න (𝑣2 − 2) + 1
(𝑣2 − 2) + 𝑣 ⋅ 2𝑣 d𝑣 = න 𝑣2 − 1

𝑣2 + 𝑣 − 2 ⋅ 2𝑣 d𝑣 = න (𝑣 + 1)(𝑣 − 1) ⋅ 2𝑣
(𝑣 + 2)(𝑣 − 1) d𝑣 =

= න (𝑣 + 1) ⋅ 2𝑣
𝑣 + 2 d𝑣 = න [(𝑣 + 2) − 1] ⋅ 2𝑣

𝑣 + 2 d𝑣 =

= න (𝑣 + 2) ⋅ 2𝑣
𝑣 + 2 d𝑣 + න [−1] ⋅ 2𝑣

𝑣 + 2 d𝑣 = 2න𝑣 d𝑣 + න −2[(𝑣 + 2) − 2]
𝑣 + 2 d𝑣 =

= 2 ⋅ 𝑣
2

2 + න −2(𝑣 + 2)
𝑣 + 2 d𝑣 + න −2[−2]

𝑣 + 2 d𝑣 = 𝑣2 − 2නd𝑣 + 4න (𝑣 + 2)′
𝑣 + 2 d𝑣 =

= 𝑣2 − 2𝑣 + 4 ln |𝑣 + 2| + 𝑐 = 𝑥 + 2 − 2 ⋅ √𝑥 + 2 + ln ቀ2 + √𝑥 + 2ቁ
4
+ 𝑐

8. [𝑥 ∈ ⟨0; ∞)] න √𝑥
1 + 4√𝑥3

d𝑥 =

4√𝑥 = 𝑦 (viz př. 3)
𝑥 = 𝑦4

d𝑥 = 4𝑦3 d𝑦

𝑥
1
6 = 𝑦

= න ඥ𝑦4

1 + 4ඥ(𝑦4)3
⋅ 4𝑦3 d𝑦 =

= න 𝑦2
1 + 𝑦3 ⋅ 4𝑦

3 d𝑦 = න 4𝑦5
𝑦3 + 1 d𝑦 = න 4𝑦2[(𝑦3 + 1) − 1]

𝑦3 + 1 d𝑦 =

= න 4𝑦2(𝑦3 + 1)
𝑦3 + 1 d𝑦 + න 4𝑦2[−1]

𝑦3 + 1 d𝑦 = 4න𝑦2 d𝑦 − 4
3 න

3𝑦2
𝑦3 + 1 d𝑦 =

=

𝑦3 = 𝑧
3𝑦2 d𝑦 = d𝑧

d𝑦 = d𝑧
3𝑦2

= 4𝑦
3

3 − 4
3 න

3𝑦2
𝑧 + 1 ⋅ 1

3𝑦2 d𝑧 = 4𝑦
3

3 − 4
3 න

(𝑧 + 1)′
𝑧 + 1 d𝑧 =

= 4𝑦
3

3 − 4
3 ln |𝑧 + 1| + 𝑐 = 4

3𝑦
3 − 1

3 ln ൫𝑦3 + 1൯4 + 𝑐 =

= 4
3 ⋅ 4ඥ𝑥3 − 1

3 ln ቀ4ඥ𝑥3 + 1ቁ
4
+ 𝑐
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9. ቂ𝑥 ∈ ℝ ⧵ ቄ−5
3ቅቃ න

3√3𝑥 + 4
1 + 3√3𝑥 + 4

d𝑥 =

3√3𝑥 + 4 = 𝑢
3𝑥 + 4 = 𝑢3
3d𝑥 = 3𝑢2 d𝑢
d𝑥 = 𝑢2 d𝑢

= න 𝑢
1 + 𝑢 ⋅ 𝑢2 d𝑢 =

= න 𝑢2[(𝑢 + 1) − 1]
𝑢 + 1 d𝑢 = න 𝑢2(𝑢 + 1)

𝑢 + 1 d𝑢 + න 𝑢2[−1]
𝑢 + 1 d𝑢 =

= න𝑢2 d𝑢 + න (−𝑢)𝑢
𝑢 + 1 d𝑢 = න𝑢2 d𝑢 + න (−𝑢)[(𝑢 + 1) − 1]

𝑢 + 1 d𝑢 =

= 𝑢3
3 + න (−𝑢)(𝑢 + 1)

𝑢 + 1 d𝑢 + න (−𝑢)[−1]
𝑢 + 1 d𝑢 = 1

3𝑢
3 −න𝑢 d𝑢 + න 𝑢

𝑢 + 1 d𝑢 =

= 1
3𝑢

3 − 𝑢2
2 + න (𝑢 + 1) − 1

𝑢 + 1 d𝑢 = 1
3𝑢

3 − 1
2𝑢

2 +න (𝑢 + 1)
𝑢 + 1 d𝑢 + න −1

𝑢 + 1 d𝑢 =

= 1
3𝑢

3 − 1
2𝑢

2 +න d𝑢 − න (𝑢 + 1)′
𝑢 + 1 d𝑢 = 1

3𝑢
3 − 1

2𝑢
2 + 𝑢 − ln |𝑢 + 1| + 𝑐 =

= 1
3(3𝑥 + 4) − 1

2 ⋅ 3ඥ(3𝑥 + 4)2 + 3√3𝑥 + 4 − ln ቚ1 + 3√3𝑥 + 4ቚ + 𝑐

10. ൣ𝑥 ∈ ℝ ⧵ ൛1 ± √6ൟ൧ න 8𝑥 − 11
√5 + 2𝑥 − 𝑥2

d𝑥 = න
−4ቀ−2𝑥 + 11

4 ቁ
√5 + 2𝑥 − 𝑥2

d𝑥 =

= න
−4 ቂ(2 − 2𝑥) − 2 + 11

4 ቃ
√5 + 2𝑥 − 𝑥2

d𝑥 = න −4(2 − 2𝑥)
√5 + 2𝑥 − 𝑥2

d𝑥 + න
−4 ቂ34ቃ

√5 + 2𝑥 − 𝑥2
d𝑥 =

=

√5 + 2𝑥 − 𝑥2 = 𝑣
5 + 2𝑥 − 𝑥2 = 𝑣2
(2 − 2𝑥) d𝑥 = 2𝑣 d𝑣

d𝑥 = 2𝑣
2−2𝑥 d𝑣

= න −4(2 − 2𝑥)
𝑣 ⋅ 2𝑣

2 − 2𝑥 d𝑣+න −3
√5 + 2𝑥 − 𝑥2

d𝑥 =

= න−8d𝑣+න −3
ඥ5 − (𝑥2 − 2𝑥)

d𝑥 = −8න d𝑣−3න 1
ඥ5 − (𝑥2 − 2𝑥 + 1 − 1)

d𝑥 =
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= −8𝑣 − 3න 1
ඥ5 − (𝑥2 − 2𝑥 + 1) + 1

d𝑥 = −8𝑣 − 3න 1
ඥ6 − (𝑥 − 1)2

d𝑥 =

= −8𝑣 − 3න 1

ට6 ቂ1 − (𝑥−1)2
6 ቃ

d𝑥 = −8𝑣 − 3න 1

√6 ⋅ ට1 − ቀ𝑥−1√6 ቁ
2 d𝑥 =

=

𝑥 − 1
√6

= 𝑤

𝑥 − 1 = 𝑤√6
d𝑥 = √6d𝑤

= −8𝑣 − 3න √6
√6 ⋅ √1 − 𝑤2

d𝑤 = −8𝑣 − 3 arcsin𝑤 + 𝑐 =

= −8ඥ5 + 2𝑥 − 𝑥2 − 3 arcsinቆ𝑥 − 1
√6

ቇ + 𝑐

11. a) [𝑥 ∈ (−∞ ; −1⟩ ∪ (0; ∞)] න 1
𝑥 + √𝑥2 + 𝑥

d𝑥 = න 1
𝑥 + ඥ𝑥(𝑥 + 1)

d𝑥 =

= න 1

𝑥 + ට𝑥2 ⋅ 𝑥+1𝑥
d𝑥 = න 1

𝑥 + √𝑥2 ⋅ ට𝑥+1
𝑥

d𝑥 =

ට𝑥+1
𝑥 = 𝑧

𝑥+1
𝑥 = 𝑧2

𝑥 + 1 = 𝑥 ⋅ 𝑧2
1 = 𝑥 ⋅ 𝑧2 − 1

𝑥 = 1
𝑧2 − 1

d𝑥 = −2𝑧
(𝑧2 − 1)2

d𝑧

=

= න 1
1

𝑧2−1 +ටቀ 1
𝑧2−1ቁ

2
⋅ 𝑧

⋅ −2𝑧
(𝑧2 − 1)2

d𝑧 =

= න 1

൥ 1
𝑧2−1 + 𝑧 ⋅ ටቀ 1

𝑧2−1ቁ
2
൩ ⋅ (𝑧2 − 1)

⋅ −2𝑧
𝑧2 − 1 d𝑧 =

= න 1

1 + 𝑧 ⋅ ට 1
(𝑧2−1)2

⋅ (𝑧2 − 1)2
⋅ −2𝑧
𝑧2 − 1 d𝑧 = න 1

1 + 𝑧√1
⋅ −2𝑧
(𝑧 + 1)(𝑧 − 1) d𝑧 =
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= න −2𝑧
(𝑧 + 1)2(𝑧 − 1) d𝑧 = න ቈ 𝐴

𝑧 + 1 + 𝐵
(𝑧 + 1)2 +

𝐶
𝑧 − 1቉ d𝑧 =

=

−2𝑧 = 𝐴(𝑧 + 1)(𝑧 − 1) + 𝐵(𝑧 − 1) + 𝐶(𝑧 + 1)2

𝑧 = 1 ∶ −2 = 4𝐶 𝐶 = −1
2

𝑧 = −1 ∶ 2 = −2𝐵 𝐵 = −1
𝑧 = 0 ∶ 0 = −𝐴 − 𝐵 + 𝐶 𝐴 = 1

2

=

= න
1
2

𝑧 + 1 d𝑧 + න −1
(𝑧 + 1)2 d𝑧

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ℐ

+න
−1
2

𝑧 − 1 d𝑧 =

= 1
2 න

(𝑧 + 1)′
𝑧 + 1 d𝑧 + ℐ − 1

2 න
(𝑧 − 1)′
𝑧 − 1 d𝑧 =

ተ

ተ

ተ

Výpočet integrálu ℐ (nebo substituce | 𝑧 + 1 = 𝑡 | )

∫ −1
𝑧+1 d𝑧 =

𝑢 = −1
𝑧+1 𝑣′ = 1

𝑢′ = 1
(𝑧+1)2 𝑣 = 𝑧

= −1
𝑧+1 ⋅ 𝑧 − ∫ 1

(𝑧+1)2 ⋅ 𝑧 d𝑧 =
−𝑧
𝑧+1 − ∫ (𝑧+1)−1

(𝑧+1)2 d𝑧

∫ −1
𝑧+1 d𝑧 = −𝑧

𝑧+1 − ∫ 1
𝑧+1 d𝑧 − ℐ

ℐ = −𝑧
𝑧 + 1 + 𝑐1

ተ

ተ

ተ

= 1
2 ln |𝑧 + 1| + −𝑧

𝑧 + 1 − 1
2 ln |𝑧 − 1| + 𝑐𝑎 =

−𝑧
𝑧 + 1 + 1

2 ln ቤ𝑧 + 1
𝑧 − 1ቤ + 𝑐𝑎 =

= −𝑧
𝑧 + 1 ⋅ 𝑧 − 1

𝑧 − 1 + 1
2 ln ቤ𝑧 + 1

𝑧 − 1 ⋅ 𝑧 + 1
𝑧 + 1ቤ + 𝑐𝑎 =

−𝑧2 + 𝑧
𝑧2 − 1 + 1

2 ln ቤ(𝑧 + 1)2
𝑧2 − 1 ቤ + 𝑐𝑎 =

= −𝑧2 + 𝑧
𝑧2 − 1 + 1

2 ln ቤ𝑧
2 + 2𝑧 + 1
𝑧2 − 1 ቤ + 𝑐𝑎 =

=
−ቆට𝑥+1

𝑥 ቇ
2
+ට𝑥+1

𝑥

ቆට𝑥+1
𝑥 ቇ

2
− 1

+ 1
2 ln ተተ

ቆට𝑥+1
𝑥 ቇ

2
+ 2 ⋅ ට𝑥+1

𝑥 + 1

ቆට𝑥+1
𝑥 ቇ

2
− 1

ተ
ተ + 𝑐𝑎 =

=
−𝑥+1

𝑥 +ට𝑥+1
𝑥

𝑥+1
𝑥 − 1

+ 1
2 ln ተተ

𝑥+1
𝑥 + 2 ⋅ ට𝑥+1

𝑥 + 1
𝑥+1
𝑥 − 1

ተተ + 𝑐𝑎 =
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=
−𝑥+1

𝑥 + 1
𝑥 ⋅ ඥ𝑥(𝑥 + 1)
𝑥+1−𝑥

𝑥
+ 1
2 ln ቮ

𝑥+1+𝑥
𝑥 + 2

𝑥 ⋅ ඥ𝑥(𝑥 + 1)
𝑥+1−𝑥

𝑥
ቮ + 𝑐𝑎 =

= ൥−𝑥 − 1 + √𝑥2 + 𝑥
𝑥 ൩ ⋅ 𝑥1 + 2

4 ln อ൥2𝑥 + 1 + 2 ⋅ √𝑥2 + 𝑥
𝑥 ൩ ⋅ 𝑥1อ + 𝑐𝑎 =

= −𝑥 − 1 + 𝑐𝑎ᇣᇧᇧᇤᇧᇧᇥ
𝑐

+ඥ𝑥2 + 𝑥 + 1
4 ln ቀ2𝑥 + 1 + 2ඥ𝑥2 + 𝑥ቁ

2
=

= −𝑥 + ඥ𝑥2 + 𝑥 + 1
4 ln ቀ2𝑥 + 1 + 2ඥ𝑥2 + 𝑥ቁ

2
+ 𝑐

11. b) [𝑥 ∈ (−∞ ; −1⟩ ∪ (0; ∞)] න 1
𝑥 + √𝑥2 + 𝑥

d𝑥 =

√𝑥2 + 𝑥 = 𝑡 − 𝑥
𝑥2 + 𝑥 = 𝑡2 − 2𝑡𝑥 + 𝑥2
2𝑡𝑥 + 𝑥 = 𝑡2

𝑥 = 𝑡2
2𝑡 + 1

d𝑥 = 2𝑡(2𝑡+1)−2𝑡2
(1+2𝑡)2 d𝑡

d𝑥 = 2𝑡2 + 2𝑡
(2𝑡 + 1)2 d𝑡

=

= න 1
𝑥 + (𝑡 − 𝑥) ⋅

2𝑡2 + 2𝑡
(2𝑡 + 1)2 d𝑡 = න 𝑡(2𝑡 + 2)

𝑡(2𝑡 + 1)2 d𝑡 = න ቈ 𝐴
2𝑡 + 1 + 𝐵

(2𝑡 + 1)2 ቉ d𝑡 =

2𝑡 + 2 = 𝐴(2𝑡 + 1) + 𝐵
𝑡 = −1

2 ∶ 1 = 𝐵 𝐵 = 1
𝑡1 ∶ 2 = 2𝐴 𝐴 = 1

= න 1
2𝑡 + 1 d𝑡 + න 1

(2𝑡 + 1)2 d𝑡
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

𝒥

= 1
2 න

2
2𝑡 + 1 d𝑡 + 𝒥 = 1

2 න
(2𝑡 + 1)′
2𝑡 + 1 d𝑡 + 𝒥 =

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST – BA002: Integrace iracionálních funkcí str. 15 z 30

ተ

ተ

ተ

Výpočet integrálu 𝒥 (nebo substituce | 2𝑡 + 1 = 𝑤 | )

∫ 1
2𝑡+1 d𝑡 =

𝑢 = 1
2𝑡+1 𝑣′ = 1

𝑢′ = −2
(2𝑡+1)2 𝑣 = 𝑡

= 1
2𝑡+1 ⋅ 𝑡 − ∫ −2

(2𝑡+1)2 ⋅ 𝑡 d𝑡 = 𝑡
2𝑡+1 + ∫ (2𝑡+1)−1

(2𝑡+1)2 d𝑡

∫ 1
2𝑡+1 d𝑡 = 𝑡

2𝑡+1 + ∫ 1
2𝑡+1 d𝑡 − 𝒥

𝒥 = 𝑡
2𝑡 + 1 + 𝑐2

ተ

ተ

ተ

= 1
2 ln |2𝑡 + 1| + 𝑡

2𝑡 + 1 + 𝑐 = 𝑡
2𝑡 + 1 + 1

4 ln(2𝑡 + 1)2 + 𝑐 =

= 𝑥 + √𝑥2 + 𝑥
2 ቀ𝑥 + √𝑥2 + 𝑥ቁ + 1

+ 1
4 ln ቂ2 ቀ𝑥 + ඥ𝑥2 + 𝑥ቁ + 1ቃ

2
+ 𝑐 =

= 𝑥 + √𝑥2 + 𝑥
(2𝑥 + 1) + 2.√𝑥2 + 𝑥

⋅ (2𝑥 + 1) − 2.√𝑥2 + 𝑥
(2𝑥 + 1) − 2.√𝑥2 + 𝑥

+1
4 ln ቀ2𝑥 + 1 + 2.ඥ𝑥2 + 𝑥ቁ

2
+𝑐 =

=
ቀ𝑥 + √𝑥2 + 𝑥ቁ ⋅ ቀ2𝑥 + 1 − 2.√𝑥2 + 𝑥ቁ

(2𝑥 + 1)2 − 4(𝑥2 + 𝑥) + 1
4 ln ቀ2𝑥 + 1 + 2.ඥ𝑥2 + 𝑥ቁ

2
+ 𝑐 =

= 2𝑥2 + 𝑥−2𝑥√𝑥2 + 𝑥 + 2𝑥√𝑥2 + 𝑥 + √𝑥2 + 𝑥 − 2(𝑥2 + 𝑥)
4𝑥2+4𝑥 + 1−4𝑥2−4𝑥 +

+ 1
4 ln ቀ2𝑥 + 1 + 2ඥ𝑥2 + 𝑥ቁ

2
+ 𝑐 =

= 2𝑥2 + 𝑥 + √𝑥2 + 𝑥 − 2𝑥2 − 2𝑥)
1 + 1

4 ln ቀ2𝑥 + 1 + 2ඥ𝑥2 + 𝑥ቁ
2
+ 𝑐 =

= −𝑥 + ඥ𝑥2 + 𝑥 + 1
4 ln ቀ2𝑥 + 1 + 2ඥ𝑥2 + 𝑥ቁ

2
+ 𝑐
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12. [𝑥 ∈ (−∞ ; −2) ∪ (1; ∞)] න 1
√𝑥2 + 𝑥 − 2

d𝑥 =

=

√𝑥2 + 𝑥 − 2 = 𝑤 − 𝑥
𝑥2 + 𝑥 − 2 = 𝑤2 − 2𝑤𝑥 + 𝑥2
2𝑤𝑥 + 𝑥 = 𝑤2 + 2

𝑥 = 𝑤2 + 2
2𝑤 + 1

d𝑥 = 2𝑤(2𝑤+1)−(𝑤2+2)2
(2𝑤+1)2 d𝑤

d𝑥 = 2𝑤2 + 2𝑤 − 4
(2𝑤 + 1)2 d𝑤

= න 1
𝑤 − 𝑤2+2

2𝑤+1

⋅ 2𝑤
2 + 2𝑤 − 4
(2𝑤 + 1)2 d𝑤 =

= න 1
2𝑤2+𝑤−(𝑤2+2)

2𝑤+1

⋅ 2𝑤
2 + 2𝑤 − 4
(2𝑤 + 1)2 d𝑤 =

= න 2𝑤 + 1
𝑤2 +𝑤 − 2 ⋅ 2(𝑤

2 +𝑤 − 2)
(2𝑤 + 1)2 d𝑤 = න 2

2𝑤 + 1 d𝑤 = න (2𝑤 + 1)′
2𝑤 + 1 d𝑤 =

= ln |2𝑤 + 1| + 𝑐 = ln ቚ2 ቀ𝑥 + ඥ𝑥2 + 𝑥 − 2ቁ + 1ቚ + 𝑐 =

= 1
2 ln ቀ2𝑥 + 1 + 2ඥ𝑥2 + 𝑥 − 2ቁ

2
+ 𝑐

13. [𝑥 ∈ ℝ] න 𝑥
√𝑥2 + 4𝑥 + 5

d𝑥 =

ඥ(𝑥 + 2)2 + 1 = 𝑧 − 𝑥
𝑥2 + 4𝑥 + 5 = 𝑧2 − 2𝑥𝑧 + 𝑥2

2𝑥𝑧 + 4𝑥 = 𝑧2 − 5
𝑥(2𝑧 + 4) = 𝑧2 − 5

𝑥 = 𝑧2 − 5
2(𝑧 + 2) =

𝑧2 − 5
2𝑧 + 4

d𝑥 = 2𝑧[2(𝑧+2)]−(𝑧2−5)⋅2
[2(𝑧+2)]2 d𝑧

d𝑥 = 2(𝑧2+4𝑧+5)
4(𝑧+2)2 d𝑧

d𝑥 = 𝑧2 + 4𝑧 + 5
2(𝑧 + 2)2 d𝑧

=
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= න
𝑧2−5
2𝑧+4

𝑧 − 𝑧2−5
2𝑧+4

⋅ 𝑧
2 + 4𝑧 + 5
2(𝑧 + 2)2 d𝑧 = න 𝑧2 − 5

2𝑧 + 4 ⋅ 2𝑧 + 4
2𝑧2 + 4𝑧 − 𝑧2 + 5 ⋅ 𝑧

2 + 4𝑧 + 5
2(𝑧 + 2)2 d𝑧 =

= න
1
2(𝑧

2 − 5)
(𝑧 + 2)2 d𝑧 = න

1
2 ⋅ [(𝑧

2 + 4𝑧 + 4) − 4𝑧 − 9]
𝑧2 + 4𝑧 + 4 d𝑧 =

= 1
2 න

(𝑧2 + 4𝑧 + 4)
𝑧2 + 4𝑧 + 4 d𝑧 + න

1
2 ⋅ [−4𝑧 − 9]
(𝑧 + 2)2 d𝑧 = 1

2 නd𝑧 + න
−2𝑧 − 9

2
(𝑧 + 2)2 d𝑧 =

= 1
2 ⋅ 𝑧 + න

− ቂ2(𝑧 + 2) + 1
2ቃ

(𝑧 + 2)2 d𝑧 = 1
2 ⋅ 𝑧 + න −2(𝑧 + 2)

(𝑧 + 2)2 d𝑧 + න
− ቂ12ቃ

(𝑧 + 2)2 d𝑧 =

= 1
2 ⋅ 𝑧 − 2න (𝑧 + 2)′

𝑧 + 2 d𝑧 − 1
2 න

1
(𝑧 + 2)2 d𝑧 =

𝑧 + 2 = 𝑦
d𝑧 = d𝑦 =

= 1
2 ⋅ 𝑧 − 2 ln |𝑧 + 2| =

= ඥ𝑥2 + 4𝑥 + 5 − ln ቀ𝑥 + 2 + ඥ𝑥2 + 4𝑥 + 5ቁ
2
+ 𝑐

14. [𝑥 ∈ (0 ; ∞)] න 1
√𝑥 + 3√𝑥

d𝑥 = න 1
𝑥

1
2 + 𝑥

1
3

d𝑥 =

6√𝑥 = 𝑧 (viz př. 3)
𝑥 = 𝑧6

d𝑥 = 6𝑧5 d𝑧

𝑥
1
6 = 𝑧

=

= න 1

(𝑧6)
1
2 + (𝑧6)

1
3
⋅ 6𝑧5 d𝑧 = 6න 𝑧5

𝑧3 + 𝑧2 d𝑧 = 6න 𝑧2 ⋅ {[𝑧3 + 1] − 1}
𝑧2 ⋅ (𝑧 + 1) d𝑧 =

= 6න [(𝑧 + 1)(𝑧2 − 𝑧 + 1)]
𝑧 + 1 d𝑧 − 6න {1}

𝑧 + 1 d𝑧 =

= 6න(𝑧2 − 𝑧 + 1) d𝑧 − 6න (𝑧 + 1)′
𝑧 + 1 d𝑧 = 6ቆ𝑧

3

3 − 𝑧2
2 + 𝑧 − ln |𝑧 + 1|ቇ + 𝑐 =

= 2𝑧3−3𝑧2+6𝑧− ln(𝑧+1)6+𝑐 = 2 ൬𝑥
1
6൰

3
−3൬𝑥

1
6൰

2
+6𝑥

1
6 − ln ൬1 + 𝑥

1
6൰

6
+𝑐 =

= 2 ⋅ √𝑥 − 3 ⋅ 3√𝑥 + 6 ⋅ 6√𝑥 − ln ൫1 + 6√𝑥൯
6 + 𝑐
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15. [𝑥 ∈ ℝ ⧵ {−1}] න
3√3𝑥 + 4

𝑥 + 3√3𝑥 + 4
d𝑥 =

3√3𝑥 + 4 = 𝑢
3𝑥 + 4 = 𝑢3

𝑥 = 𝑢3 − 4
3

d𝑥 = 𝑢2 d𝑢

=

= න 𝑢
𝑢3−4
3 + 𝑢

⋅ 𝑢2 d𝑢 = න 3𝑢3
𝑢3 + 3𝑢 − 4 d𝑢 = න 3[(𝑢3 + 3𝑢 − 4) − 3𝑢 + 4]

𝑢3 + 3𝑢 − 4 d𝑢 =

= නቊ3(𝑢
3 + 3𝑢 − 4)

𝑢3 + 3𝑢 − 4 + 3[−3𝑢 + 4]
(𝑢 − 1)(𝑢2 + 𝑢 + 4)ቋ d𝑢 =

= 3නd𝑢+න −9𝑢 + 12
(𝑢 − 1)(𝑢2 + 𝑢 + 4) d𝑢 = 3නd𝑢+නቆ 𝐴

𝑢 − 1 + 𝐵𝑢 + 𝐶
𝑢2 + 𝑢 + 4ቇ d𝑢 =

−9𝑢 + 12 = 𝐴(𝑢2 + 𝑢 + 4) + (𝐵𝑢 + 𝐶)(𝑢 − 1)
𝑢 = 1 ∶ 3 = 6𝐴 + 0 𝐴 = 1

2
𝑢 = 0 ∶ 12 = 4𝐴 − 𝐶 𝐶 = −10

𝑢2 ∶ 0 = 𝐴 + 𝐵 𝐵 = −1
2

= 3𝑢 +න
1
2

𝑢 − 1 d𝑢 + න
−1

2𝑢 − 10
𝑢2 + 𝑢 + 4 d𝑢 =

= 3𝑢 + 1
2 න

(𝑢 − 1)′
𝑢 − 1 d𝑢 + න

−1
4 [(2𝑢 + 1) − 1] − 10

𝑢2 + 𝑢 + 4 d𝑢 =

= 3𝑢 + 1
2 ln |𝑢 − 1| − 1

4 න
2𝑢 + 1

𝑢2 + 𝑢 + 4 d𝑢 + න
1
4 − 10

𝑢2 + 𝑢 + 4 d𝑢 =

= 3𝑢 + 1
4 ln(𝑢 − 1)2 − 1

4 න
(𝑢2 + 𝑢 + 4)′
𝑢2 + 𝑢 + 4 d𝑢 + න

−39
4

𝑢2 + 𝑢 + 1
4 +

15
4

d𝑢 =

= 3𝑢 + 1
4 ln(𝑢 − 1)2 − 1

4 ln(𝑢2 + 𝑢 + 4) − 39
4 න 1

ቀ𝑢 + 1
2ቁ

2
+ 15

4

d𝑢 =

= 3𝑢 + 1
4 ln (𝑢 − 1)2

𝑢2 + 𝑢 + 4 − 39
4 න 1

15
4 ቈቀ2𝑢+12 ቁ

2
⋅ 4
15 + 1቉

d𝑢 =
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= 3𝑢 + 1
4 ln (𝑢 − 1)2

𝑢2 + 𝑢 + 4 − 39
15 න

1

ቀ2𝑢+1√15 ቁ
2
+ 1

d𝑢 =

2𝑢 + 1
√15

= 𝑣

2𝑢 + 1 = 𝑣√15

𝑢 = 𝑣√15 − 1
2

d𝑢 = √15
2 d𝑣

=

= 3𝑢 + 1
4 ln (𝑢 − 1)2

𝑢2 + 𝑢 + 4 − 39
15 න

1
𝑣2 + 1 ⋅ √152 d𝑣 =

= 3𝑢 + 1
4 ln (𝑢 − 1)2

𝑢2 + 𝑢 + 4 − 39
15 ⋅ √152 arctg 𝑣 + 𝑐 =

= 3𝑢 + 1
4 ln (𝑢 − 1)2

𝑢2 + 𝑢 + 4 − 39
2√15

arctg 2𝑢 + 1
√15

+ 𝑐 =

= 3 ⋅ 3√3𝑥 + 4 + 1
4 ln ൫3√3𝑥 + 4 − 1൯

2

3ඥ(3𝑥 + 4)2 + 3√3𝑥 + 4 + 4
− 39
2 ⋅ √15

arctg 2 ൫
3√3𝑥 + 4൯ + 1

√15
+ 𝑐

16. [𝑥 ∈ ⟨−1 ; 0) ∪ (0; ∞)] න √𝑥 + 1
𝑥 d𝑥 =

√𝑥 + 1 = 𝑣
𝑥 + 1 = 𝑣2

𝑥 = 𝑣2 − 1
d𝑥 = 2𝑣 d𝑣

= න 𝑣
𝑣2 − 1 ⋅ 2𝑣 d𝑣 =

= න 2𝑣2
𝑣2 − 1 d𝑣 = න 2[(𝑣2 − 1) + 1]

𝑣2 − 1 d𝑣 = න 2(𝑣2 − 1)
𝑣2 − 1 d𝑣 + න 2[1]

𝑣2 − 1 d𝑣 =

= 2න d𝑣 + න 2
(𝑣 + 1)(𝑣 − 1) d𝑣 = 2𝑣 + නቆ 1

𝑣 − 1 − 1
𝑣 + 1ቇ d𝑣 =

= 2𝑣 + නቆ 1
𝑣 − 1 − 1

𝑣 + 1ቇ d𝑣 = 2𝑣 + නቆ(𝑣 − 1)′
𝑣 − 1 − (𝑣 + 1)′

𝑣 + 1 ቇ d𝑣 =

= 2𝑣 + ln |𝑣 − 1| − ln |𝑣 + 1| + 𝑐 = 2𝑣 + ln ቤ𝑣 − 1
𝑣 + 1ቤ + 𝑐 =

= 2√𝑥 + 1 + ln อ−1 + √𝑥 + 1
1 + √𝑥 + 1

อ + 𝑐

Brno 2019 RNDr. Rudolf Schwarz, CSc.



FAST – BA002: Integrace iracionálních funkcí str. 20 z 30

17. [𝑥 ∈ (0 ; ∞)] න 1
√𝑥 ⋅ (1 + 3√𝑥)

d𝑥 = න 1
𝑥

1
2 + 𝑥

5
6

d𝑥 =

6√𝑥 = 𝑧 (viz př. 3)
𝑥 = 𝑧6

d𝑥 = 6𝑧5 d𝑧

𝑥
1
6 = 𝑧

=

= න 1

(𝑧6)
1
2 + (𝑧6)

5
6
⋅ 6𝑧5 d𝑧 = න 6𝑧5

𝑧3 + 𝑧5 d𝑧 = න 6𝑧3 ⋅ [(𝑧2 + 1) − 1]
𝑧3 ⋅ (1 + 𝑧2) d𝑧 =

= න 6(𝑧2 + 1)
1 + 𝑧2 d𝑧−න 6[1]

1 + 𝑧2 d𝑧 = 6නd𝑧−6න 1
1 + 𝑧2 d𝑧 = 6𝑧−6 arctg 𝑧+𝑐 =

= 6𝑥
1
6 − 6 arctg 𝑥

1
6 + 𝑐 = 6 ⋅ 6√𝑥 − 6 arctg 6√𝑥 + 𝑐

18. [𝑥 ∈ (0 ; ∞)] න 𝑥 − 1
√𝑥

d𝑥 = න 𝑥
√𝑥

d𝑥 + න −1
√𝑥

d𝑥 = න𝑥
1
2 d𝑥 − න𝑥−

1
2 d𝑥 =

= 𝑥
3
2

3
2
− 𝑥

1
2

1
2

= 2
3 ⋅ ඥ𝑥3 − 2 ⋅ √𝑥 + 𝑐

19. a) [𝑥 ∈ ℝ] නඥ𝑥2 + 1 d𝑥 =
𝑢 = ൫𝑥2 + 1൯

1
2 𝑣′ = 1

𝑢′ = 2𝑥
2⋅√𝑥2+1 𝑣 = 𝑥

=

= 𝑥 ⋅ ඥ𝑥2 + 1 −න 𝑥2

√𝑥2 + 1
d𝑥 = 𝑥 ⋅ ඥ𝑥2 + 1 −න (𝑥2 + 1) − 1

√𝑥2 + 1
d𝑥 =

= 𝑥 ⋅ ඥ𝑥2 + 1 − ቈන (𝑥2 + 1)
√𝑥2 + 1

d𝑥 + න −1
√𝑥2 + 1

d𝑥቉

⟹ නඥ𝑥2 + 1 d𝑥 = 𝑥 ⋅ ඥ𝑥2 + 1 −නඥ𝑥2 + 1 d𝑥 + න 1
√𝑥2 + 1

d𝑥
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ℐ
2∫√𝑥2 + 1 d𝑥 = 𝑥 ⋅ √𝑥2 + 1 + ℐ

∫√𝑥2 + 1 d𝑥 = 𝑥
2 ⋅ √𝑥

2 + 1 + 1
2 ⋅ ℐ

නඥ𝑥2 + 1 d𝑥 = 𝑥
2 ⋅ ඥ𝑥2 + 1 + 1

2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐
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Výpočet integrálu ℐ = න 1
√𝑥2 + 1

d𝑥 = √𝑥2 + 1 = 𝑤 − 𝑥
𝑥2 + 1 = 𝑤2 − 2𝑥𝑤 + 𝑥2

2𝑥𝑤 = 𝑤2 − 1

𝑥 = 𝑤2 − 1
2𝑤

d𝑥 = 2𝑤⋅2𝑤−(𝑤2−1)⋅2
(2𝑤)2 d𝑤

d𝑥 = 𝑤2 + 1
2𝑤2 d𝑤

= න 1
𝑤 − 𝑤2−1

2𝑤

⋅ 𝑤
2 + 1
2𝑤2 d𝑤 = න 1

2𝑤2−(𝑤2−1)
2𝑤

⋅ 𝑤
2 + 1
2𝑤2 d𝑤 =

= න 2𝑤
2𝑤2 −𝑤2 + 1 ⋅ 𝑤

2 + 1
2𝑤2 d𝑤 = න 1

𝑤 d𝑤 = ln |𝑤| + 𝑐 = ln | 𝑥 + ඥ𝑥2 + 1ᇣᇧᇤᇧᇥ
>|𝑥|ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

>0

| + 𝑐 =

= ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐

19. b) [𝑥 ∈ ℝ] නඥ𝑥2 + 1 d𝑥 =

√𝑥2 + 1 = 𝑢 − 𝑥
𝑥2 + 1 = 𝑢2 − 2𝑥𝑢 + 𝑥2

2𝑥𝑢 = 𝑢2 − 1

𝑥 = 𝑢2 − 1
2𝑢

d𝑥 = 2𝑢⋅2𝑢−(𝑢2−1)⋅2
(2𝑢)2 d𝑢

d𝑥 = 2(𝑢2 + 1)
2 ⋅ 2𝑢2 d𝑢

=

= නቆ𝑢 − 𝑢2 − 1
2𝑢 ቇ ⋅ 𝑢

2 + 1
2𝑢2 d𝑢 = න 2𝑢2 − (𝑢2 − 1)

2𝑢 ⋅ 𝑢
2 + 1
2𝑢2 d𝑢 =

= න 𝑢2 + 1
2𝑢 ⋅ 𝑢

2 + 1
2𝑢2 d𝑢 = න 𝑢4 + 2𝑢2 + 1

4𝑢3 d𝑢 = නቆ𝑢4 + 1
2𝑢 + 1

4𝑢3ቇ d𝑢 =

= 1
4 න𝑢 d𝑢 + 1

2 න
1
𝑢 d𝑢 + 1

4 න𝑢−3 d𝑢 = 1
4 ⋅ 𝑢

2

2 + 1
2 ⋅ ln |𝑢| + 1

4 ⋅ 𝑢
−2

−2 + 𝑐 =

= 𝑢2
8 + 1

2 ⋅ ln |𝑢| − 1
8𝑢2 + 𝑐 =
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=
ቀ𝑥 + √𝑥2 + 1ቁ

2

8 + 1
2 ⋅ ln | 𝑥 + ඥ𝑥2 + 1ᇣᇧᇤᇧᇥ

>|𝑥|ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
>0

| − 1

8 ቀ𝑥 + √𝑥2 + 1ቁ
2 + 𝑐 =

= 1
2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ+

ቀ𝑥 + √𝑥2 + 1ቁ
2

8 − 1

8 ቀ𝑥 + √𝑥2 + 1ቁ
2 ⋅
ቀ𝑥 − √𝑥2 + 1ቁ

2

ቀ𝑥 − √𝑥2 + 1ቁ
2+𝑐 =

= 1
2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ+

ቀ𝑥 + √𝑥2 + 1ቁ
2

8 −
ቀ𝑥 − √𝑥2 + 1ቁ

2

8 ቂቀ𝑥 + √𝑥2 + 1ቁ ⋅ ቀ𝑥 − √𝑥2 + 1ቁቃ
2+𝑐 =

= 1
2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ +

ቀ𝑥 + √𝑥2 + 1ቁ
2

8 −
ቀ𝑥 − √𝑥2 + 1ቁ

2

8 [𝑥2 − (𝑥2 + 1)]2
+ 𝑐 =

= 1
2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ +

ቀ𝑥 + √𝑥2 + 1ቁ
2
− ቀ𝑥 − √𝑥2 + 1ቁ

2

8 + 𝑐 =

=
ln ቀ𝑥 + √𝑥2 + 1ቁ

2 +
𝑥2 + 2𝑥.√𝑥2 + 1 + (𝑥2 + 1) − ቂ𝑥2 − 2𝑥.√𝑥2 + 1 + (𝑥2 + 1)ቃ

8 +𝑐 =

= 1
2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 4𝑥.√𝑥2 + 1

8 + 𝑐 = 1
2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑥

2 ⋅ ඥ𝑥2 + 1 + 𝑐

19. c) [𝑥 ∈ ℝ] නඥ𝑥2 + 1 d𝑥 =

ተ

ተ

ተ

𝑥 = tg 𝑡

d𝑥 = 1
cos2 𝑡 d𝑡

arctg 𝑥 = 𝑡

𝑡 ∈ ቀ−π
2 ;

π
2ቁ

����������������

1

𝑥

𝑡

√𝑥
2 + 1sin 𝑡 = 𝑥

√𝑥2+1 ተ

ተ

ተ

= නඥ tg 2𝑡 + 1 ⋅ 1
cos2 𝑡 d𝑡 = නඨ sin2 𝑡

cos2 𝑡 + 1 ⋅ 1
cos2 𝑡 d𝑡 =

= නඨsin2 𝑡 + cos2 𝑡
cos2 𝑡 ⋅ 1

cos2 𝑡 d𝑡 = නඨ 1
cos2 𝑡 ⋅

1
cos2 𝑡 d𝑡 = න 1

| cos 𝑡| ⋅
1

cos2 𝑡 d𝑡 =
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=
𝑡 ∈ …

cos 𝑡 > 0
= න 1

cos 𝑡 ⋅
1

cos2 𝑡 ⋅
cos 𝑡
cos 𝑡 d𝑡 = න cos 𝑡

(cos2 𝑡)2
d𝑡 = න cos 𝑡

൫1 − sin2 𝑡൯
2 d𝑡 =

=

sin 𝑡 = 𝑤
cos 𝑡 d𝑡 = d𝑤

d𝑡 = 1
cos 𝑡 d𝑤

= න cos 𝑡
(1 − 𝑤2)2

⋅ 1
cos 𝑡 d𝑤 = න 1

(1 − 𝑤2)2
d𝑤 =

= න 1
(𝑤2 − 1)2

d𝑤 = න 1
[(𝑤 + 1)(𝑤 − 1)]2

d𝑤 =

= න 𝐴
𝑤 + 1 d𝑤 +න 𝐵

(𝑤 + 1)2 d𝑤 +න 𝐶
𝑤 − 1 d𝑤 +න 𝐷

(𝑤 − 1)2 d𝑤 =

1 = 𝐴(𝑤 + 1)(𝑤 − 1)2 + 𝐵(𝑤 − 1)2 + 𝐶(𝑤 + 1)2(𝑤 − 1) + 𝐷(𝑤 + 1)2

𝑤 = 1 ∶ 1 = 4𝐷 𝐷 = 1
4

𝑤 = −1 ∶ 1 = 4𝐵 𝐵 = 1
4

𝑤3 ∶ 0 = 𝐴 + 𝐶 𝐴 = −𝐶
𝑤 = 0 ∶ 0 = 𝐴 + 𝐵 − 𝐶 + 𝐷

0 = 𝐴 + 1
4 + 𝐴 + 1

4 𝐴 = 1
4

𝐶 = −1
4

= න
1
4

𝑤 + 1 d𝑤 +න
1
4

(𝑤 + 1)2 d𝑤 +න
−1
4

𝑤 − 1 d𝑤 +න
1
4

(𝑤 − 1)2 d𝑤 =

= 1
4 න

(𝑤 + 1)′
𝑤 + 1 d𝑤+ 1

4 න(𝑤+1)−2 d𝑤− 1
4 න

(𝑤 − 1)′
𝑤 − 1 d𝑤+ 1

4 න(𝑤−1)−2 d𝑤 =

= 1
4 ln |𝑤 + 1| + 1

4 ⋅ (𝑤 + 1)−1
−1 − 1

4 ln |𝑤 − 1| + 1
4 ⋅ (𝑤 − 1)−1

−1 + 𝑐 =

= 1
4 ln ቤ𝑤 + 1

𝑤 − 1ቤ−
1

4(𝑤 + 1)−
1

4(𝑤 − 1)+𝑐 =
1
4 ln ቤ𝑤 + 1

𝑤 − 1ቤ−
(𝑤 − 1) + (𝑤 + 1)
4(𝑤 + 1)(𝑤 − 1) +𝑐 =

= 1
4 ln ቤ𝑤 + 1

𝑤 − 1ቤ −
2𝑤

4(𝑤2 − 1) + 𝑐 = 1
4 ln ቤ𝑤 + 1

𝑤 − 1ቤ −
𝑤

2(𝑤2 − 1) + 𝑐 =

= 1
4 ln ቤsin 𝑡 + 1

sin 𝑡 − 1ቤ−
sin 𝑡

2(sin2 𝑡 − 1)
+ 𝑐 = 1

4 ln ቮ
𝑥

√𝑥2+1 + 1
𝑥

√𝑥2+1 − 1
ቮ−

𝑥
√𝑥2+1

2 ቈቀ 𝑥
√𝑥2+1ቁ

2
− 1቉

+ 𝑐 =
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= 1
4 ln อ𝑥 + √𝑥2 + 1

√𝑥2 + 1
⋅ √𝑥2 + 1
𝑥 − √𝑥2 + 1

อ −
𝑥

√𝑥2+1

2 ቂ 𝑥2
𝑥2+1 − 1ቃ

+ 𝑐 =

= 1
4 ln อ𝑥 + √𝑥2 + 1

𝑥 − √𝑥2 + 1
อ −

𝑥
√𝑥2+1

2 ቂ𝑥
2−(𝑥2+1)
𝑥2+1 ቃ

+ 𝑐 =

= 1
4 ln อ𝑥 + √𝑥2 + 1

𝑥 − √𝑥2 + 1
⋅ 𝑥 + √𝑥2 + 1
𝑥 + √𝑥2 + 1

อ − 𝑥
√𝑥2 + 1

⋅ 𝑥
2 + 1
−2 + 𝑐 =

= 1
4 ln ተ

ቀ𝑥 + √𝑥2 + 1ቁ
2

𝑥2 − (𝑥2 + 1) ተ+𝑥
2 ⋅
ඥ𝑥2 + 1+𝑐 = 1

4 ln
ቀ𝑥 + √𝑥2 + 1ቁ

2

| − 1| +𝑥
2 ⋅
ඥ𝑥2 + 1+𝑐 =

= 1
2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑥

2 ⋅ ඥ𝑥2 + 1 + 𝑐

19. d) [𝑥 ∈ ℝ] නඥ𝑥2 + 1 d𝑥 =
𝑥 = 1

2 ⋅ (e
𝑦 − e−𝑦)

d𝑥 = 1
2 ⋅ (e

𝑦 + e−𝑦) d𝑦
=

= නඨቈ12 ⋅ (e𝑦 − e−𝑦)቉
2
+ 1 ⋅ 12 ⋅ (e𝑦 + e−𝑦) d𝑦 =

= නඨ
1
4 ⋅ (e2𝑦 − 2 e𝑦e−𝑦ᇣᇧᇤᇧᇥ

e0=1
+e−2𝑦 + 4) ⋅ 12 ⋅ (e𝑦 + e−𝑦) d𝑦 =

= නඨ1
4 ⋅ (e2𝑦 + 2 + e−2𝑦) ⋅ 12 ⋅ (e𝑦 + e−𝑦) d𝑦 =

= නඨቈ12 ⋅ (e𝑦 + e−𝑦)቉
2
⋅ 12 ⋅ (e𝑦 + e−𝑦) d𝑦 = 1

4 න(e
𝑦 + e−𝑦)2 d𝑦 =

= 1
4 න(e

2𝑦 + 2 + e−2𝑦) d𝑦 = 1
4 ⋅ ቆe

2𝑦

2 + 2𝑦 + e−2𝑦
−2 ቇ + 𝑐 =

Jestliže: 𝑥 = 1
2 ⋅ (e

𝑦 − e−𝑦) pak: 𝑦 = ln ቀ𝑥 + √𝑥2 + 1ቁ , protože:
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𝑥 = elnቀ𝑥+√𝑥2+1ቁ − e− lnቀ𝑥+√𝑥2+1ቁ

2 = 1
2 ⋅ ቈelnቀ𝑥+√𝑥2+1ቁ − elnቀ𝑥+√𝑥2+1ቁ

−1

቉ =

= 1
2 ⋅ ቆ𝑥 + ඥ𝑥2 + 1 − 1

𝑥 + √𝑥2 + 1
ቇ =

= 1
2 ⋅ ൭𝑥 + ඥ𝑥2 + 1 − 1

𝑥 + √𝑥2 + 1
⋅ 𝑥 − √𝑥2 + 1
𝑥 − √𝑥2 + 1

൱ =

= 1
2 ⋅ ൥𝑥 + ඥ𝑥2 + 1 − 𝑥 − √𝑥2 + 1

𝑥2 − (𝑥2 + 1)൩ =
1
2 ⋅ ൭𝑥 + ඥ𝑥2 + 1 − 𝑥 − √𝑥2 + 1

−1 ൱ = 𝑥

= 1
4 ⋅ ቎e

2 lnቀ𝑥+√𝑥2+1ቁ

2 + 2 ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + e−2 lnቀ𝑥+√𝑥2+1ቁ

−2 ቏ + 𝑐 =

= 1
8 ⋅ ቀ𝑥 + ඥ𝑥2 + 1ቁ

2
+ 1
2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 1

−8 ⋅ ቀ𝑥 + √𝑥2 + 1ቁ
2 + 𝑐 =

= 1
8 ⋅ ൦ቀ𝑥 + ඥ𝑥2 + 1ቁ

2
− 1

ቀ𝑥 + √𝑥2 + 1ቁ
2 ⋅

ቀ𝑥 − √𝑥2 + 1ቁ
2

ቀ𝑥 − √𝑥2 + 1ቁ
2 ൪ +

+ 1
2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐 =

= 1
8 ⋅ ൞ቀ𝑥 + ඥ𝑥2 + 1ቁ

2
−

ቀ𝑥 − √𝑥2 + 1ቁ
2

[𝑥2 − (𝑥2 + 1)]2
ൢ + 1

2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐 =

= 1
8 ⋅ ൥𝑥2 + 2𝑥 ⋅ ඥ𝑥2 + 1 + (𝑥2 + 1) − 𝑥2 − 2𝑥 ⋅ √𝑥2 + 1 + (𝑥2 + 1)

(−1)2 ൩ +

+ 1
2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐 =

= 1
8 ⋅ 4𝑥 ⋅ ඥ𝑥2 + 1 + 1

2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐 =

= 𝑥
2 ⋅ ඥ𝑥2 + 1 + 1

2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐
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19. e) [𝑥 ∈ ℝ] නඥ𝑥2 + 1 d𝑥 = √𝑥2 + 1 = 𝑥𝑤 + 1
𝑥2 + 1 = 𝑥2𝑤2 + 2𝑥𝑤 + 1

0 = 𝑥2𝑤2 + 2𝑥𝑤 − 𝑥2

0 = 𝑥 ⋅ (𝑥 ⋅ 𝑤2 + 2𝑤 − 𝑥)
0 = (𝑥 ⋅ 𝑤2 + 2𝑤 − 𝑥)

−2𝑤 = 𝑥(⋅𝑤2 − 1)

𝑥 = −2𝑤
𝑤2 − 1

d𝑥 = −2(𝑤2−1)−(−2𝑤)2𝑤
(𝑤2−1)2 d𝑤

d𝑥 = 2𝑤2 + 2
(𝑤2 − 1)2 d𝑤

= නቆ −2𝑤
𝑤2 − 1 ⋅ 𝑤 + 1ቇ ⋅ 2𝑤2 + 2

(𝑤2 − 1)2 d𝑤 = න −2𝑤2 + (𝑤2 − 1)
𝑤2 − 1 ⋅ 2𝑤2 + 2

(𝑤2 − 1)2 d𝑤 =

= න (−𝑤2 − 1) ⋅ (2𝑤2 + 2)
(𝑤2 − 1)3 d𝑤 = න −2𝑤4 − 2𝑤2 − 2𝑤2 − 2

[(𝑤 + 1)(𝑤 − 1)]3
d𝑤 =

= නቈ 𝐴
𝑤 + 1 + 𝐵

(𝑤 + 1)2 +
𝐶

(𝑤 + 1)3 +
𝐷

𝑤 − 1 + 𝐸
(𝑤 − 1)2 +

𝐹
(𝑤 − 1)3 ቉ d𝑤 =

−2𝑤4 − 4𝑤2 − 2 =
=𝐴(𝑤+1)2(𝑤−1)3+𝐵(𝑤+1)(𝑤−1)3+𝐶(𝑤−1)3+𝐷(𝑤+1)3(𝑤−1)2+𝐸(𝑤+1)3(𝑤−1)+𝐹(𝑤+1)3

𝑤 = 1 ∶ −8 = 8𝐹 𝐹 = −1
𝑤 = −1 ∶ −8 = −8𝐶 𝐶 = 1

𝑤5 ∶ 0 = 𝐴 + 𝐷 − 𝐴 = 𝐷 (1)
𝑤 = 0 ∶ −2 = −𝐴 − 𝐵 − 𝐶 + 𝐷 − 𝐸 + 𝐹

0 = −𝐵 + 2𝐷 − 𝐸 (2)
𝑤 = 2 ∶ −50 = 9𝐴 + 3𝐵 + 𝐶 + 27𝐷 + 27𝐸 + 27𝐹

−24 = +3𝐵 + 18𝐷 + 27𝐸 (3)
𝑤 = −2 ∶ −50 = −27𝐴 + 27𝐵 − 27𝐶 − 9𝐷 + 3𝐸 − 𝐹

−24 = +27𝐵 + 18𝐷 + 3𝐸 (4)

Rovnice (2); (3) a (4) řešı́me Gaussovou eliminačnı́ metodou (sloupce B; D; E):

቎
1 −2 1 0
3 18 27 −24
27 18 3 −24

቏
(−3)(−27)
↓ |

↓
∼ ቎

1 −2 1 0
0 24 24 −24
0 72 −24 −24

቏ (−3)
↓

∼ ቎
1 −2 1 0
0 24 24 −24
0 0 −96 48

቏

a dostáváme: 𝐸 = −1
2 ; 𝐷 = −1

2 ; 𝐵 = −1
2 ; 𝐴 = 1

2 . Tedy:
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= න቎
1
2

𝑤 + 1 +
−1
2

(𝑤 + 1)2 +
1

(𝑤 + 1)3 +
−1
2

𝑤 − 1 +
−1
2

(𝑤 − 1)2 +
−1

(𝑤 − 1)3 ቏ d𝑤 =

= 1
2 න

(𝑤 + 1)′
𝑤 + 1 d𝑤 − 1

2 න(𝑤 + 1)−2 d𝑤 𝑤 + 1 = 𝑢 +න(𝑤 + 1)−3 d𝑤 −

− 1
2 න

(𝑤 − 1)′
𝑤 − 1 d𝑤 − 1

2 න(𝑤 − 1)−2 d𝑤 𝑤 − 1 = 𝑣 −න(𝑤 − 1)−3 d𝑤 =

= … = 1
2 ⋅ ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑥

2 ⋅ ඥ𝑥2 + 1 + 𝑐 ³

20. [𝑥 ∈ (0 ; 1) ∪ (1 ; ∞)] න 1
3√𝑥 ⋅ (1 − √𝑥)

d𝑥 = න 1
𝑥

1
3 − 𝑥

1
3+

1
2

d𝑥 =

= න 1
𝑥

1
3 − 𝑥

5
6

d𝑥 =

6√𝑥 = 𝑦 (viz př. 3)
𝑥 = 𝑦6

d𝑥 = 6𝑦5 d𝑦

𝑥
1
6 = 𝑦

= න 1

(𝑦6)
1
3 − (𝑦6)

5
6
⋅ 6𝑦5 d𝑦 =

= න 6𝑦5
𝑦2 − 𝑦5 d𝑦 = න 6𝑦2 ⋅ 𝑦3

−𝑦2 ⋅ (𝑦3 − 1) d𝑦 = න −6[(𝑦3 − 1) + 1]
𝑦3 − 1 d𝑦 =

= න −6(𝑦3 − 1)
𝑦3 − 1 d𝑦 + න −6[1]

(𝑦 − 1)(𝑦2 + 𝑦 + 1) d𝑦 =

= −6න d𝑦 + න 𝐴
𝑦 − 1 d𝑦 + න 𝐵𝑦 + 𝐶

𝑦2 + 𝑦 + 1 d𝑦 =

−6 = 𝐴(𝑦2 + 𝑦 + 1) + (𝐵𝑦 + 𝐶)(𝑦 − 1)
𝑦 = 1 ∶ −6 = 3𝐴 + 0 𝐴 = −2
𝑦 = 0 ∶ −6 = 𝐴 − 𝐶 𝐶 = 4

𝑦2 ∶ 0 = 𝐴 + 𝐵 𝐵 = 2

= −6න d𝑦 + න −2
𝑦 − 1 d𝑦 + න 2𝑦 + 4

𝑦2 + 𝑦 + 1 d𝑦 =

³ Tento výsledek (za použitı́ funkce logarc) dává webová stránka
http://um.mendelu.cz/maw‐html/index.php?lang=cs&form=integral&function=
sqrt(x^2%2B1)
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= −6𝑦 − 2න (𝑦 − 1)′
𝑦 − 1 d𝑦 + න (2𝑦 + 1) + 3

𝑦2 + 𝑦 + 1 d𝑦 =

= −6𝑦 − 2 ln |𝑦 − 1| + න (2𝑦 + 1)
𝑦2 + 𝑦 + 1 d𝑦 + න 3

𝑦2 + 𝑦 + 1
4 +

3
4

d𝑦 =

= −6𝑦 − ln(𝑦 − 1)2 +න (𝑦2 + 𝑦 + 1)′
𝑦2 + 𝑦 + 1 d𝑦 + න 3

ቀ𝑦 + 1
2ቁ

2
+ 3

4

d𝑦 =

=
𝑦 + 1

2 =ට3
4𝑢

d𝑦 = √3
2 d𝑢

= −6𝑦 − ln(𝑦 − 1)2 + ln(𝑦2 + 𝑦 + 1) + න 3
3
4𝑢

2 + 3
4
⋅ √32 d𝑢 =

= −6𝑦 + ln 𝑦
2 + 𝑦 + 1
(𝑦 − 1)2 +න 3

3
4 (𝑢

2 + 1)
⋅ √32 d𝑢 =

= −6𝑦 + ln 𝑦
2 + 𝑦 + 1
(𝑦 − 1)2 + 4

3 ⋅ 3 ⋅ √32 න 1
1 + 𝑢2 d𝑢 =

= −6𝑦 + ln 𝑦
2 + 𝑦 + 1
(𝑦 − 1)2 + 2 ⋅ √3 ⋅ arctg𝑢 + 𝑐 =

= −6𝑦 + ln 𝑦
2 + 𝑦 + 1
(𝑦 − 1)2 + 2 ⋅ √3 ⋅ arctg 2𝑦 + 1

√3
+ 𝑐 =

= −6 ⋅ 6√𝑥 + ln
6√𝑥2 + 6√𝑥 + 1
൫6√𝑥 − 1൯2

+ 2 ⋅ √3 ⋅ arctg 2 ⋅
6√𝑥 + 1
√3

+ 𝑐

21. [𝑥 ∈ (0 ; 1) ∪ (1 ; ∞)] න 1
√𝑥 ⋅ (1 − 3√𝑥)

d𝑥 = න 1
𝑥

1
2 − 𝑥

1
2+

1
3

d𝑥 =

= න 1
𝑥

1
2 − 𝑥

5
6

d𝑥 =

6√𝑥 = 𝑧 (viz př. 3)
𝑥 = 𝑧6

d𝑥 = 6𝑧5 d𝑧

𝑥
1
6 = 𝑧

= න 1

(𝑧6)
1
2 − (𝑧6)

5
6
⋅ 6𝑧5 d𝑧 =

= න 6𝑧5
𝑧3 − 𝑧5 d𝑧 = න 6𝑧3 ⋅ 𝑧2

−𝑧3 ⋅ (𝑧2 − 1) d𝑧 = න −6 ⋅ [(𝑧2 − 1) + 1]
𝑧2 − 1 d𝑧 =
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= න −6(𝑧2 − 1)
𝑧2 − 1 d𝑧 + න −6[1]

𝑧2 − 1 d𝑧 = −6නd𝑧 + න −6
(𝑧 + 1)(𝑧 − 1) d𝑧 =

= −6𝑧 + න 3
𝑧 + 1 d𝑧 − න 3

𝑧 − 1 d𝑧 = 3න (𝑧 + 1)′
𝑧 + 1 d𝑧 − 3න (𝑧 − 1)′

𝑧 − 1 d𝑧 − 6𝑧 =

= 3 ln |𝑧 + 1| − 3 ln |𝑧 − 1| − 6𝑥
1
6 + 𝑐 = 3 ln ቤ𝑧 + 1

𝑧 − 1ቤ − 6 ⋅ 6√𝑥 =

= 3 ln 1 + 6√𝑥
| − 1 + 6√𝑥|

− 6 ⋅ 6√𝑥 + 𝑐

22. [𝑥 ∈ (0 ; ∞)] න 𝑥 + 3
√𝑥

d𝑥 = න 𝑥
√𝑥

d𝑥 + න 3
√𝑥

d𝑥 = න𝑥
1
2 d𝑥 + 3න𝑥−

1
2 d𝑥 =

= 𝑥
3
2

3
2
+ 3 ⋅ 𝑥

1
2

1
2

= 2
3 ⋅ ඥ𝑥3 + 6 ⋅ √𝑥 + 𝑐

23. [𝑥 ∈ (0 ; ∞)] න 𝑥2 + 2
√𝑥

d𝑥 = න 𝑥2

√𝑥
d𝑥+න 2

√𝑥
d𝑥 = න𝑥

3
2 d𝑥+2න𝑥−

1
2 d𝑥 =

= 𝑥
5
2

5
2
+ 2 ⋅ 𝑥

1
2

1
2

= 2
5 ⋅ ඥ𝑥5 + 4 ⋅ √𝑥 + 𝑐

24. [𝑥 ∈ (0 ; ∞)] න 𝑥2 − 1
√𝑥

d𝑥 = න 𝑥2

√𝑥
d𝑥 − න 1

√𝑥
d𝑥 = න𝑥

3
2 d𝑥 − න𝑥−

1
2 d𝑥 =

= 𝑥
5
2

5
2
− ⋅𝑥

1
2

1
2

= 2
5 ⋅ ඥ𝑥5 − 2 ⋅ √𝑥 + 𝑐
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25. [𝑥 ∈ ℝ] න 1
√𝑥2 + 1

d𝑥 =

√𝑥2 + 1 = 𝑤 − 𝑥
𝑥2 + 1 = 𝑤2 − 2𝑥𝑤 + 𝑥2

2𝑥𝑤 = 𝑤2 − 1

𝑥 = 𝑤2 − 1
2𝑤

d𝑥 = 2𝑤⋅2𝑤−(𝑤2−1)⋅2
(2𝑤)2 d𝑤

d𝑥 = 𝑤2 + 1
2𝑤2 d𝑤

=

= න 1
𝑤 − 𝑤2−1

2𝑤

⋅ 𝑤
2 + 1
2𝑤2 d𝑤 = න 1

2𝑤2−(𝑤2−1)
2𝑤

⋅ 𝑤
2 + 1
2𝑤2 d𝑤 =

= න 2𝑤
2𝑤2 −𝑤2 + 1 ⋅ 𝑤

2 + 1
2𝑤2 d𝑤 = න 1

𝑤 d𝑤 = ln |𝑤| + 𝑐 =

= ln | 𝑥 + ඥ𝑥2 + 1ᇣᇧᇤᇧᇥ
>|𝑥|ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

>0

| + 𝑐 = ln ቀ𝑥 + ඥ𝑥2 + 1ቁ + 𝑐
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