FAST - BA0O2: Integrdl s goniometrickymi funkcemi v argumentu

1
1. Najdéte neurcity integral j ———dx D(H)=R

1+ sin"x
1.1. Substituce tgx =t
. L . : t s
V pravouhlém trojuhelniku pro thel x je: tgx = 1 A X
Tim mame stanoveny velikosti obou odvésen.
Velikost prepony ur¢ime podle Pythagorovy véty. X
1
tgx=t = tgt
f L . . ) arc1 : f ! P
—_—ax = t | = . =
1+ sin®x sinx = dx = dt 14 -2 1412
V1 + ¢2 1+ t? 1+t2
_j 1 1 oo 1+t 1 dt—f it
) @4+ 1+t2 ) A+t +t2 1+t2 0 ) 14+2t2

1+ t2

1.2. Substituce t =

S
V2

t= 5= ()
dt = = ds 1+2'<ﬁ>
V2
1 1 1
= ﬁarctgs = ﬁarctg 2 t) = ﬁarctg 2 tgx) + konst.

1 1
Tedy ] —dx = —arctg (V2tgx) + Konst.

.2
1+ sin”x V2
—-3mT -T
x€(—;—): x=arctgt—m
1 Pokud tgx =t apoZadujeme vyjadrit x (v zavislostina t), ( 2 2 ) &

tak funkce tg x neni prosta na celém svém definicnim oboru. xe (—_n_ E) . x = arcte t
Proto k ni neexistuje inverzni funkce. Pro kazdy ,kousek” 2’27 a J
je inverzni funkce jina (viz pravy sloupec), ale derivace T 3T

XxX€E(=;=): x = arctgt+m
W _ 1 jestejnd prolibovolnéx (¥ o
— = e stejna pro libovolné x x) .
dt 1+ t? ) jnap (vx) atd.
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FAST - BA0O2: Integrdl s goniometrickymi funkcemi v argumentu

2. Najdéte neurcity integral j sin® x dx D(f) =R

Zde je nékolik zpiisobi resent:

2.1. Substituce tgg =t

t 2
V pravouhlém trojihelniku pro Ghel = ]e tg g =71 \W
Tim mame stanoveny velikosti obou odvesen.
Velikost prepony urcime podle Pythagorovy véty. x/2
1
tg§=t x =2 arctgt
2t 2 2t 2 2
fsm xde=| SIEE Tire _f<1+t2> v =
sin2a =2sinacosa sinx =sin (2;)

_[8E dt—f i dt+f 5 gt = arctge+ — L _3EFSE
)@+ ) (1+?)? A+ - BT T e T @t )2

Vratit ptivodni proménnou!

211. A =j(1+—8tz)2dt=4arctgt+ 1+ + konst.
— 1 [
j 8 _ iy v =9 _ 8t -16¢ iy
1+t? -2t 1+t2 (1+1t2)2
,=(1+t2)2 v=8t
16
Po rozkladu na parcialni zZlomky = 1+t2 fl(1+t2)2 — 1+t2] dt

8 16
dt = — dt+ | ——=dt
f1+t2 1+t2 f(1+t2)2 ,f1+t2
Sf ! dt = 8t 2Jl+16f ! dt
1+¢t2  1+4¢t2 1+ t2

2=t +8f LY
142 1+1¢t2

A=..
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FAST - BA0O2: Integrdl s goniometrickymi funkcemi v argumentu

2.1.2. Analogicky
24 t3 4t

-8
———dt = -3 tet — — + k t.
](1+t2)3 At T gt + 1612 +8 8t*+16t2+8 o

2.2. Substituce tgx =1t (viz prvni priklad)

tgx =t x = arctgt
[sin®xd ) i ftz 1dtft2 de
nxdx = - — = qt=| — gt =
o sinx = — dx = ! dt 1+¢2 141¢2 (1 +t2)?
V1+¢2 1+¢?
(t2+1)—1dt_ (t> +1) e 1 dt = 1 [ vypocetintegraluA | _
(1+t2)2 ) (1 +¢t2)? 1+t)2 ] 1+¢2 na piedchozi strané |
= ! tgt ‘ +K = ! tg(t e +K
= g Aet oy TR = gare (8 — o ey
2.3. Per partes
5 u=sinx v' =sinx
[sin“xdx = = sinx(— cosx) — [ cosx(—cosx) dx =
u' =cosx V= —CoSX
= —sinxcosx + [ cos? x dx = —sinx cosx + [(1 — sin” x) dx
[sin®xdx = —sinxcosx + [ 1dx — [ sin® x dx
2 [ sin® x dx = — sin x cos x + x + konst.
. 2 1. 1
[sinxdx=—=sinxcosx + -+ K
2 x
9 1 —cos2x
2.4.Vzorec sin" x =
2
f'zd—fl_coszxd—lfd lf Zd—x lf dxdx =
sin” x dx = 5 x =2 | dx—3 | cos2xdx = 5 — = [ cos2xdx =
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2x=t
= x= _Z 1f <2t>1dt—x 1f tdt = = 1'1:+k t. =
= 2 —2 ) COS 5)2 —2 4 Ccos —2 4sm onst. =
d—ldt
)
_ 2 1'2+K
—2 4smx

.2
cos 2 x = cos?® x — sin“ x
2.4.1. Odvozeni vzorce, kdyz

. 2
1 =sin“ x + cos? x

)
cos 2 x = cos?® x — sin“ x
. 2 . 2
cos2x = (1—sin” x) —sin” x
)
cos2x=1—-2sin"x

.2
2sin“x=1—-—cos2x

1-cos2x
2

. 2
sSin X =
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