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Existuje‑li limita
lim
𝒜→𝑀

𝑓(𝒜) − 𝑓(𝑀)
|𝒜 −𝑀| = 𝜕𝑓(𝑀)

𝜕𝑠

nazýváme ji derivací (skalárnı́) funkce 𝑓 ve směru 𝑠 v bodě 𝑀 .

V dalšı́m se omezı́me na třı́rozměrný prostor či dvourozměrnou rovinu. Tedy na funk‑
ce dvou a třı́ proměnných.Má‑li funkce 𝑓 v bodě𝑀 spojité parciálnı́ derivace 1. řádu, platı́:

𝜕𝑓(𝑀)
𝜕𝑠 = 𝜕𝑓(𝑀)

𝜕𝑥 ⋅ cos𝛼 + 𝜕𝑓(𝑀)
𝜕𝑦 ⋅ cos𝛽 + 𝜕𝑓(𝑀)

𝜕𝑧 ⋅ cos 𝛾

kde cos𝛼, cos𝛽 a cos 𝛾 jsou souřadnice jednotkového vektoru směru 𝑠 . Tedy
𝑠
|𝑠| = 𝑠𝑜

⟶
= ( cos𝛼

𝑠𝑜𝑥
; cos𝛽

𝑠𝑜𝑦

; cos 𝛾
𝑠𝑜𝑧

)

Gradient (skalárnı́) funkce 𝑓 v bodě 𝑀 , je vektor o souřadnicı́ch¹)

grad 𝑓(𝑀) = 𝑓𝑥(𝑀) ; 𝑓𝑦(𝑀) ; 𝑓𝑧(𝑀)
a vyjadřuje směr a velikost největšı́ změny (skalárnı́ho) pole.

Nabla ∇ (operátor) je pohodlnou notacı́ pro zkrácený zápis

grad 𝑓 = ∇𝑓 = 𝜕𝑓
𝜕𝑥 ;

𝜕𝑓
𝜕𝑦 ; 𝜕𝑓𝜕𝑧 = 𝑓𝑥 ⋅ 𝑖 + 𝑓𝑦 ⋅ 𝑗 + 𝑓𝑧 ⋅ �⃗�

kde 𝑖 , 𝑗 , �⃗� jsou jednotkové vektory na souřadných osách.

Příklad 1. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑧 = ln(e𝑥 + e𝑦)
v bodě 𝑀 = [𝑥𝑜 ; 𝑦𝑜] ve směru osy prvního kvadrantu.

Řešení: [𝑀 ∈ 𝒟(𝑓)] 𝑠 = (1 ; 1) a tedy

𝑠𝑜
⟶
= 𝑠
|𝑠| =

(1 ; 1)
√12 + 12

= 1
√2

; 1
√2

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀) ⋅ 𝑠𝑜𝑥 + 𝑓𝑦(𝑀) ⋅ 𝑠𝑜𝑦 =

𝜕𝑓
𝜕𝑥 =

1
e𝑥 + e𝑦 ⋅ e

𝑥 𝑓𝑥(𝑀) =
e𝑥𝑜

e𝑥𝑜 + e𝑦𝑜
𝜕𝑓
𝜕𝑦 = 1

e𝑥 + e𝑦 ⋅ e
𝑦 𝑓𝑦(𝑀) =

e𝑦𝑜
e𝑥𝑜 + e𝑦𝑜

= e𝑥𝑜
e𝑥𝑜 + e𝑦𝑜 ⋅

1
√2

+ e𝑦𝑜
e𝑥𝑜 + e𝑦𝑜 ⋅

1
√2

= e𝑥𝑜 + e𝑦𝑜
e𝑥𝑜 + e𝑦𝑜 ⋅

1
√2

= 1
√2

= √2
2

¹ Tryhuk, V., Dlouhý, O.: Matematika I Diferenciálnı́ počet funkcı́ vı́ce reálných proměnných. Brno : Aka‑
demické nakladatelstvı́ CERM, s. r. o., 2004, 85 s. ISBN 80–214–2776–525–0
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Příklad 2. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑢 = 𝑥2 + 𝑦2
4 + 𝑧2

4
v bodě 𝑀 = [1 ; 2 ; 2] ve směru rádiusvektoru bodu𝑀.

Řešení: [𝑀 ∈ 𝒟(𝑓)] 𝑠 = (1 ; 2 ; 2) a tedy

𝑠𝑜
⟶
= 𝑠
|𝑠| =

(1 ; 2 ; 2)
√12 + 22 + 22

= 1
3 ;

2
3 ;

2
3

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀) ⋅ 𝑠𝑜𝑥 + 𝑓𝑦(𝑀) ⋅ 𝑠𝑜𝑦 + 𝑓𝑧(𝑀) ⋅ 𝑠𝑜𝑧 =

𝜕𝑓
𝜕𝑥 = 2𝑥 𝑓𝑥(𝑀) = 2

𝜕𝑓
𝜕𝑦 = 2𝑦

4 𝑓𝑦(𝑀) = 1

𝜕𝑓
𝜕𝑧 =

2𝑧
4 𝑓𝑧(𝑀) = 1

= 2 ⋅ 13 + 1 ⋅ 23 + 1 ⋅ 23 = 6
3 = 2

Příklad 3. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑧 = 𝑥4 + 𝑥2𝑦2 + 𝑦4
v bodě 𝑀 = [1 ; 1] ve směru, který svı́rá s kladnou poloosou 𝑥 úhel +π

4 .

Řešení: [𝑀 ∈ 𝒟(𝑓)] tg π4 = 1 ⟹ 𝑠 = (1 ; 1) a tedy

𝑠𝑜
⟶
= 𝑠
|𝑠| =

(1 ; 1)
√12 + 12

= 1
√2

; 1
√2

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀) ⋅ 𝑠𝑜𝑥 + 𝑓𝑦(𝑀) ⋅ 𝑠𝑜𝑦 =

𝜕𝑓
𝜕𝑥 = 4𝑥3 + 2𝑥𝑦2 𝑓𝑥(𝑀) = 6

𝜕𝑓
𝜕𝑦 = 2𝑥2𝑦 + 4𝑦3 𝑓𝑦(𝑀) = 6

= 6 ⋅ 1
√2

+ 6 ⋅ 1
√2

= 12
√2

= 6√2
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Příklad 4. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑢 = 𝑥𝑦𝑧
v bodě 𝑀 = [5 ; 1 ; 2] ve směru 𝑀𝐴⟶ , kde 𝐴 = [9 ; 4 ; 14] .

Řešení: [𝑀 ∈ 𝒟(𝑓)] 𝑠 = (4 ; 3 ; 12) a tedy

𝑠𝑜
⟶
= 𝑠
|𝑠| =

(4 ; 3 ; 12)
√42 + 32 + 122

= 4
13 ;

3
13 ;

12
13

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀) ⋅ 𝑠𝑜𝑥 + 𝑓𝑦(𝑀) ⋅ 𝑠𝑜𝑦 + 𝑓𝑧(𝑀) ⋅ 𝑠𝑜𝑧 =

𝜕𝑓
𝜕𝑥 = 𝑦𝑧 𝑓𝑥(𝑀) = 2

𝜕𝑓
𝜕𝑦 = 𝑥𝑧 𝑓𝑦(𝑀) = 10

𝜕𝑓
𝜕𝑧 = 𝑥𝑦 𝑓𝑧(𝑀) = 5

= 2 ⋅ 413 + 10 ⋅ 313 + 5 ⋅ 1213 = 8 + 30 + 60
13 = 98

13

Příklad 5. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑧 = 𝑥2 + 𝑦2
v bodě 𝑀 = [3 ; 4] ve směru 𝑠 = (4 ;−3) .

Řešení: [𝑀 ∈ 𝒟(𝑓)] Jednotkový vektor daného směru

𝑠𝑜
⟶
= 𝑠
|𝑠| =

(4 ;−3)
42 + (−3)2

= 4
5 ;

−3
5

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀) ⋅ 𝑠𝑜𝑥 + 𝑓𝑦(𝑀) ⋅ 𝑠𝑜𝑦 =

𝜕𝑓
𝜕𝑥 =

1
2 𝑥2 + 𝑦2 −1

2 ⋅ 2𝑥 𝑓𝑥(𝑀) =
3
5

𝜕𝑓
𝜕𝑦 = 1

2 𝑥2 + 𝑦2 −1
2 ⋅ 2𝑦 𝑓𝑦(𝑀) =

4
5

= 3
5 ⋅

4
5 +

4
5 ⋅

−3
5 = 12 − 12

25 = 0
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Příklad 6. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑢 = 𝑥2 − 3𝑥𝑦 − 4𝑦2 − 5𝑥 − 4𝑧2

v bodě 𝑀 = [1 ; 0 ; 3] ve směru 𝑠 = 𝑖 + 𝑗 + 2�⃗� .

Řešení: [𝑀 ∈ 𝒟(𝑓)] 𝑠 = (1 ; 1 ; 2) a tedy

𝑠𝑜 = 𝑠
|𝑠| =

(1 ; 1 ; 2)
√12 + 12 + 22

= 1
√6

; 1
√6

; 2
√6

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀)⋅𝑠𝑜𝑥+𝑓𝑦(𝑀)⋅𝑠𝑜𝑦+𝑓𝑧(𝑀)⋅𝑠𝑜𝑧 =

𝜕𝑓
𝜕𝑥 = 2𝑥 − 3𝑦 − 5 𝑓𝑥(𝑀) = −3

𝜕𝑓
𝜕𝑦 = −3𝑥 − 8𝑦 𝑓𝑦(𝑀) = −3

𝜕𝑓
𝜕𝑧 = −8𝑧 𝑓𝑧(𝑀) = −24

−3 ⋅ 1
√6

− 3 ⋅ 1
√6

− 24 ⋅ 2
√6

= −3 − 3 − 48
√6

= −54
√6

= −9√6

Příklad 7. Stanovte gradient (skalárnı́) funkce 𝑓 ∶ 𝑢 = 𝑥2 + 𝑦2 − 2𝑧
v bodě 𝑀 = [2 ; 0 ; 0] .

Řešení: [𝑀 ∈ 𝒟(𝑓)]

grad 𝑓(𝑀) = 𝜕𝑓(𝑀)
𝜕𝑥 ; 𝜕𝑓(𝑀)𝜕𝑦 ; 𝜕𝑓(𝑀)𝜕𝑧 = 𝑓𝑥(𝑀) ⋅ 𝑖 + 𝑓𝑦(𝑀) ⋅ 𝑗 + 𝑓𝑧(𝑀) ⋅ �⃗�

a tedy

𝜕𝑓
𝜕𝑥 = 2𝑥 𝑓𝑥(𝑀) = 4

𝜕𝑓
𝜕𝑦 = 2𝑦 𝑓𝑦(𝑀) = 0

𝜕𝑓
𝜕𝑧 = −2 𝑓𝑧(𝑀) = −2

grad 𝑓(𝑀) = (4 ; 0 ;−2) = 4𝑖 − 2�⃗�
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Příklad 8. Stanovte gradient (skalárnı́) funkce 𝑓 ∶ 𝑥2 + 2𝑦

v bodě 𝑀 = [1 ;−1] .

Řešení: [𝑀 ∈ 𝒟(𝑓)]

grad 𝑓(𝑀) = 𝜕𝑓(𝑀)
𝜕𝑥 ; 𝜕𝑓(𝑀)𝜕𝑦 = 𝑓𝑥(𝑀) ⋅ 𝑖 + 𝑓𝑦(𝑀) ⋅ 𝑗

a tedy
𝜕𝑓
𝜕𝑥 = 2𝑥 𝑓𝑥(𝑀) = 2

𝜕𝑓
𝜕𝑦 = 2 𝑓𝑦(𝑀) = 2

grad 𝑓(𝑀) = (2 ; 2) = 2𝑖 + 2𝑗 = 2(𝑖 + 𝑗)

Příklad 9. Stanovte gradient (skalárnı́) funkce
𝑓 ∶ 𝑢 = 𝑥2 + 2𝑦2 + 3𝑧2 + 2𝑥𝑦 − 4𝑥 + 2𝑦 − 4𝑧 v bodě 𝑀 = [1 ; 1 ; 1] .

Řešení: [𝑀 ∈ 𝒟(𝑓)]

grad 𝑓(𝑀) = 𝜕𝑓(𝑀)
𝜕𝑥 ; 𝜕𝑓(𝑀)𝜕𝑦 ; 𝜕𝑓(𝑀)𝜕𝑧 = 𝑓𝑥(𝑀) ⋅ 𝑖 + 𝑓𝑦(𝑀) ⋅ 𝑗 + 𝑓𝑧(𝑀) ⋅ �⃗�

a tedy
𝜕𝑓
𝜕𝑥 = 2𝑥 + 2𝑦 − 4 𝑓𝑥(𝑀) = 0

𝜕𝑓
𝜕𝑦 = 4𝑦 + 2𝑥 + 2 𝑓𝑦(𝑀) = 8

𝜕𝑓
𝜕𝑧 = 6𝑧 − 4 𝑓𝑧(𝑀) = 2

grad 𝑓(𝑀) = (0 ; 8 ; 2) = 8𝑗 + 2�⃗� = 2(4𝑗 + �⃗�)

Příklad 10. Stanovte směr 𝑠 , ve kterém jederivace funkce 𝑓 ∶ 𝑢 = 𝑥2+𝑦2+𝑧2−16
v bodě 𝑀 = [0 ;−2 ; 1] maximálnı́ .

Řešení: [𝑀 ∈ 𝒟(𝑓)] Hledáme vlastně směr gradientu funkce:

grad 𝑓(𝑀) = 𝜕𝑓(𝑀)
𝜕𝑥 ; 𝜕𝑓(𝑀)𝜕𝑦 ; 𝜕𝑓(𝑀)𝜕𝑧 = 𝑓𝑥(𝑀) ⋅ 𝑖 + 𝑓𝑦(𝑀) ⋅ 𝑗 + 𝑓𝑧(𝑀) ⋅ �⃗�

a tedy
𝜕𝑓
𝜕𝑥 = 2𝑥 𝑓𝑥(𝑀) = 0

𝜕𝑓
𝜕𝑦 = 2𝑦 𝑓𝑦(𝑀) = −4

𝜕𝑓
𝜕𝑧 = 2𝑧 𝑓𝑧(𝑀) = 2

𝑠 = (0 ;−4 ; 2) = −4𝑗 + 2�⃗� = 2 ⋅ (�⃗� − 2𝑗)
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Příklad 11. Stanovte směr 𝑠 , ve kterém je derivace funkce 𝑓 ∶ 𝑢 = 𝑥
𝑦 + 𝑦

𝑧 +
𝑧
𝑥

v bodě 𝑀 = [−1 ; 1 ;−1] maximálnı́ .

Řešení: [𝑀 ∈ 𝒟(𝑓)] Hledáme vlastně směr gradientu funkce:

grad 𝑓(𝑀) = 𝜕𝑓(𝑀)
𝜕𝑥 ; 𝜕𝑓(𝑀)𝜕𝑦 ; 𝜕𝑓(𝑀)𝜕𝑧 = 𝑓𝑥(𝑀) ⋅ 𝑖 + 𝑓𝑦(𝑀) ⋅ 𝑗 + 𝑓𝑧(𝑀) ⋅ �⃗�

a tedy

𝜕𝑓
𝜕𝑥 =

1
𝑦 − 𝑧

𝑥2 𝑓𝑥(𝑀) = 2

𝜕𝑓
𝜕𝑦 = − 𝑥

𝑦2 +
1
𝑧 𝑓𝑦(𝑀) = 0

𝜕𝑓
𝜕𝑧 = − 𝑦

𝑧2 +
1
𝑥 𝑓𝑧(𝑀) = −2

𝑠 = (2 ; 0 ;−2) = 2𝑖 − 2�⃗� = 2 ⋅ (𝑖 − �⃗�)

Příklad 12. Stanovte body, ve kterých je gradient funkce 𝑓 ∶ 𝑧 = 𝑥𝑦 + 𝑥
𝑦

dán grad 𝑓(𝒜) = 2𝑖 .

Řešení obecný bod má souřadnice 𝒜 = [𝑥𝑜 ; 𝑦𝑜] , kde 𝑦𝑜 ≠ 0 .

grad 𝑓(𝒜) = 𝜕𝑓(𝒜)
𝜕𝑥 ; 𝜕𝑓(𝒜)

𝜕𝑦 = 𝑓𝑥(𝒜) ⋅ 𝑖 + 𝑓𝑦(𝒜) ⋅ 𝑗

a tedy

𝜕𝑓
𝜕𝑥 = 𝑦 + 1

𝑦 𝑓𝑥(𝒜) = 𝑦𝑜 +
1
𝑦𝑜

𝜕𝑓
𝜕𝑦 = 𝑥 − 𝑥

𝑦2 𝑓𝑦(𝒜) = 𝑥𝑜 −
𝑥𝑜
𝑦2𝑜

grad 𝑓(𝒜) = 𝑦𝑜 +
1
𝑦𝑜

; 𝑥𝑜 −
𝑥𝑜
𝑦2𝑜

= (2 ; 0)

Rešı́me soustavu

𝑦𝑜 +
1
𝑦𝑜

= 2 ⟹ 𝑦2𝑜 + 1 = 2𝑦𝑜 ⟹ 𝑦1;2 = 1

𝑥𝑜 −
𝑥𝑜
𝑦2𝑜

= 0 ⟹ pro 𝑦𝑜 = 1 vždy platı́

Hledané body majı́ souřadnice: 𝒜 = [𝑥 ; 1] .
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Příklad 13. Stanovte derivaci (skalárnı́) funkce 𝑓 ∶ 𝑢 = 𝑥𝑦2 + 𝑧3 − 𝑥𝑦𝑧
v bodě 𝑀 = [1 ; 1 ; 2] ve směru 𝑠 = 𝑖+√2 𝑗+ �⃗� a určete odchylku přı́slušného

gradientu v bodě 𝑀 a daného směru 𝑠 .
[𝑀 ∈ 𝒟(𝑓)] 𝑠 = (1 ; √2 ; 1) a tedy

𝑠𝑜
⟶
= 𝑠
|𝑠| =

(1 ; √2 ; 1)

12 + √2
2
+ 12

= 1
2 ;

√2
2 ; 12

𝜕𝑓(𝑀)
𝜕𝑠 = 𝑓𝑥(𝑀) ⋅ 𝑠𝑜𝑥 + 𝑓𝑦(𝑀) ⋅ 𝑠𝑜𝑦 + 𝑓𝑧(𝑀) ⋅ 𝑠𝑜𝑧 =

𝜕𝑓
𝜕𝑥 = 𝑦2 − 𝑦𝑧 𝑓𝑥(𝑀) = −1

𝜕𝑓
𝜕𝑦 = 2𝑥𝑦 − 𝑥𝑧 𝑓𝑦(𝑀) = 0

𝜕𝑓
𝜕𝑧 = 3𝑧2 − 𝑥𝑦 𝑓𝑧(𝑀) = 11

= −1 ⋅ 12 + 0 ⋅ √22 + 11 ⋅ 12 = −1 + 0 + 11
2 = 5

grad 𝑓(𝑀) = 𝜕𝑓(𝑀)
𝜕𝑥 ; 𝜕𝑓(𝑀)𝜕𝑦 ; 𝜕𝑓(𝑀)𝜕𝑧 = (−1 ; 0 ; 11)

𝑠 = (1 ; √2 ; 1) a tedy

cos𝜑 = 𝑠 ⋅ grad 𝑓(𝑀)
|𝑠| . | grad 𝑓(𝑀)| =

−1 + 0 + 11

(1)2 + √2
2
+ (1)2 ⋅ (−1)2 + 00 + 112

= 10
2 ⋅ √122

= 5
√122

𝜑 = arccos 5√122122 ≐ 1,101 rad ≐ 63∘
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